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SUMMARY 
A review of the development of the analysis of 
frames with semi-rigid end restraint is given, including 
the treatment of frame stability and effective lengths. 
The available experimental data relating to the moment 
versus in-plane rotational behaviour of practical beam- 
to-column connections, as used in steel frames, has 
also been reviewed. This data is found to be a non- 
linear function of connection deformation. Methods of 
mathematically modelling connection data have been 
reviewed and an improved representation based on the 
use of cubic B-spline curve fitting techniques is 
proposed. 
An analytical procedure has been developed to 
investigate the influence of realistic end restraint on 
the strength and 
- 
behaviour of "real" steel. columns. A 
FORTRAN finite element computer program, which includes 
the effects of initial out-of-straightness, spread of 
yield and internal residual stresses is outlined. This 
is based on an incremental approach, with Newton Raphson 
equilibrium iterations, to follow the load-deflection 
behaviour up to the maximum load level. The validity 
of the procedure is verified by comparison with 
available experimental data for an end restrained 
column test. 
A parametric study was carried out to assess the 
behaviour of columns with semi-rigid end restraint. 
The important pararReters relating to the connection, 
the column section and the geometrical imperfections 
were studied. It was found that an increase in connection 
stiffness produces a corresponding reduction in column 
deflections and an increase in maximum load capacity, 
except in those cases where the column is so stocky that 
it can attain its full squash load. 
Effective length factors calculated from these 
results indicate the column design economies th at would 
be possible if the actual end restraint conditions were 
properly accounted for. 
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CHAPTER 1 
Introduction 
1.1 Semi-Rigid Connections 
Virtually all currently used. methods for the 
design of steel frames (1,2,3) are based on the 
-initial assumption that the joints will either behave 
as pin-connections or that they will provide full 
rotational continuity between adjacent members. 
Similar assumptions also form the basis of most 
methods of frame analysis. The Draft Standard for 
Structural Steelwork (4) continues to use these ideas 
with its consideration of "simple construction" and 
"continuous construction". The former approach is used 
most extensively in the design of steel frames. These 
two approaches have been used for many years despite 
the knowledge that real connections rarely behave in 
either manner. Experimental investigations of actual 
connection behaviour conducted at various times during 
the past fifty years have clearly shown that "simple" 
connections do possess a certain amount of rotational 
rigidity while nominally "rigid" connections have some 
degree of flexibility. Therefore it would be more 
correct to consider all real connections as "semi-rigid". 
In the past, structural-beam-to-column connections 
have been classified (5) with- respect to their moment- 
rotation characteristics and the amount of end restraint 
provided. Three types of connection are illustrated in 
Figure 1.1 and are defined as follows: 
l. - Flexible connections are those which are capable 
of carrying the required end reaction, -but which allow * 
1 
relatively free rotation between the end of the beam and 
the column. 
2. Rigid connections are those in which the rotation 
is reduced to a minimum by the use of heavy connection 
details. 
3. Semi-rigid connections are those which transmit 
bending moment with some degree of rotation, thereby 
providing a degree of end restraint somewhere between 
complete rigidity and complete flexibility. 
An obvious advantage of a design utilising semi- 
rigid connections is that beam moments are reduced 
leading to lighter beam sections. Figure 1.1 shows 
that for an isolated beam with simple connections the 
span moment is critical, whereas when rigid connections 
are assumed the end moments are critical for beam design. 
If semi-rigid end restraint is assumed the two moments 
may be more nearly balanced. Another source of economy 
lies in the design of the columns where a better under- 
standing of actual end restraint should lead to more 
rationally based, less conservative methods of column 
design. All codes of practice rely heavily on the 
concept of effective length ip the design of the column 
section, this being the length of a pin-ended column 
that has the same maximum load capacity as the restrained 
column. This effective column length is dependent upon 
the degree of end restraint present, so that if proper 
consideration of the actual restraint showed it to be 
2 
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FIGURE 1.1 - Classes of Beam-to-Column Connections 
greater than commonly supposed it would be possible 
to use reduced effective lengths and hence lighter 
column sections would be required. 
Objectives of the Investigation 
The purpose of this investigation is to perform 
a general study of semi-rigid connections and their 
influence on the behaviour of end restrained steel 
columns. This general review is required since no 
complete study has been reported for forty years. The 
aims, therefore, of the present investigation are: 
(i) to review methods of incorporating semi-rigid 
end restraint into conventional analytical methods, 
(ii) to identify available experimental data on the 
behaviour of common types of structural connection, 
to assess the suitability of methods of modelling 
this experimental data for use within analytical 
methods, 
(iv) to develop an analytical technique to follow the 
load-deflection behaviour of an isolated "real" 
steel column with semi-rigid connections, 
(v) to use this analysis to investigate the importance 
of the governing parameters such as: 
a) type aiýd size of connection, 
b) type, size and bending axis of the column 
section, 
4 
c) initial out-of-straightness (geometrical 
imperfection) , 
d) initial residual stress pattern, 
e) eccentricity of applied load, and 
(iv) to assess the influence of realistic forms of 
end restraint on the effective length of columns. 
1.3 Limitations of the Present Investiqation. 
The present work is intended to study the nonlinear 
behaviour of an isolated column with realistic represen- 
tations of the end restraint conditions. The column 
response is limited to in-plane bending, and so no 
flexural-torsional effects are considered. The load is 
assumed to be applied axially with possible end moments. 
to represent any load eccentricity. During the analysis 
the load is assumed to be applied incrementally in a 
constantly increasing manner; loading is purely non-cyclic. 
Lateral loading has not been considered in the present 
investigation, although the analysis,.. as developed, permits 
these effects to be included. The response to be inves- 
tigated is the load versus central deflection behaviour 
up to the maximum load level. 
The column ends are connected by the semi-rigid 
end restraint to rigid supports, which represent beams 
with infinite stiffness. Any frame action due to the 
effects of rotations caused by beam bending is therefore 
neglected. 
5 
Comparison of results with experimental column 
tests, for which connection data is available, is very 
limited.. Available connection data compatible with 
the column sections used in the parametric study is 
also limited. 
This work rests on the assumption that the 
material has an elastic-perfectly plastic stress-strain 
characteristic, from which it follows that the effects 
of strain hardening are neglected. 
6 
CHAPTER 2 
Literature Review of Semi-Rigid Analysis 
2.1 Early Investigations into Semi-Rigid Connection 
Behaviour 
The importance of the end restraint provided by 
semi-rigid connections, on the behaviour of beams and 
columns within structural frames, was realised over 
fifty years ago.. The first investigation into the 
flexibility of riveted structural connections was 
reported by Wilson and Moore (6) in 1917. 
Research workers in Britain (7,8,9), Canada (10) 
and the United States (11), in three separate investiga- 
tions during the 1930's, measured the relations between 
moment transmitted by the connection and relative angle 
changes at beam-to-column connections in an attempt to 
provide data for semi-rigid connection design. Numerous 
tests on riveted, bolted and welded connections have 
since been reported. A review of available connection 
test data is given in Chapter 3. Early methods for 
predicting the end restraint provided by a connection for 
which the experimentally obtained moment-rotation 
relationship is known, using. a graphical method, were 
proposed by Batho and Rowan (7). This method, known as 
the beam-line method, is discussed in more detail in 
Section 2.4. Young and Jackson (10) investigated 
(i) the rotational capacity and end restraint provided 
by connections to reduce the beam moment due to 
gravity loads and also 
(ii) the ability of connections in frames to resist 
horizontal deflections due to lateral or wind loads. 
Methods of incorporating semi-rigid end restraint 
into classical methods of indeterminate frame analysis 
were proposed by both Baker (7) and Rathbun (11) 
independently. Both assumed a linear moment-rotation 
r elationship and defined a semi-rigid connection 
factor Z (the angle change per unit moment) in order to 
perform the analysis. 
From these early investigations into connection . 
behaviour the possible economies were realised. According 
to British investigations (8) savings of as much as 
twenty per cent could be achieved on the design of beams 
in frames by taking advantage of semi-rigid end restraint. 
2.2 Modified Methods of Indeterminate Frame Analysis 
to Allow for Semi-Rigid End Restraint 
Conventional methods of indeterminate frame analy- 
sis have all been modified to allow for semi-rigid end 
restraint. The bases of these conventional methods are 
that frame deformations are due solely to the bending 
of members, but in practice extra deformation is caused 
by connection deformation. Slope-deflection, moment- 
distribution and matrix stiffness methods of analysis 
have been modified to allow for these extra connection 
deformations. Older methods such as the method of 
three moments and the deformeter-method have also been 
modified. 
The modification of all these methods uses the 
simplifying assumption that a linear moment-rotation 
8 
relationship exists, despite the fact that experiments 
have clearly shown that moment-rotation curves are non- 
linear over the full loading range, as shown in Figure 
2.1. The linear assumption makes methods only strictly 
applicable for very low values of rotation, where the 
slope of the moment-rotation curve may be reasonably 
approximated by the inverse of the initial tangent 
connection factor Z. 
2.2.1 Slope-deflection method 
The slope-deflection method was first applied to 
frames with semi-rigid connections in 1936, by both 
Baker (8,9,12) and Rathbun (10) independently. The 
generalised slope-deflection equation for a beam of 
length L and flexural rigidity EI loaded by a uniformly 
distributed load W'for the no-sway case can be written 
as: 
2EI 
BýO + CIO 
ýWL 
AB) 12 
The values of the coefficients A', B, C'and D'for both 
the conventional and modified methods are given in 
Table 2.1. The coefficients a and ý used in Table 2.1 
are defined as: 
2EI 
L. zA and 
2EI 
L. zB 
2.1 
2.2 
where ZA and ZB are the semi-rigid connection factors 
for end A and B of the beam, respectively. 
The slope-deflection method requires the solution 
of a series of simultaneous equations ýo determine 
-9 
2: 
. 4-, 
c 
cl) 
E 
0 
Rotation 
FIGURE 2.1 - Typical Moment-Rotation Curve of a Semi- 
Rigid Connection 
TABLE 2.1 - Slope-Deflection Equation Coefficients 
Coefficient Conventional Slope 
Deflection Method 
Modified Slope - 
Deflection Method 
Aý B (3aý + 2a + 2ý +1 
1 BýB 2 (3ý + 2) 
1 CA 
B 
1 1, 
1 DýB 1 (3ý + 1) 
1 1 1 %A 
(3aý + 2a + 2ý + 1) 
1 BIBA 1 1 
t CBA 2 (3a + 2) 
Dý A -1 -(3a + 1) 
N. B. Factors a and 0 are defined in equation 2.2. 
member end deflections. However, even for relatively 
small frames the number of equations to be solved is 
fairly large; in the days before electronic computers 
this method was very laborious for hand calculation. 
2.2.2 Moment-distribution method 
The moment-distribution method of analysis was 
modified to allow for flexible connections shortly after 
being first proposed by Hardy Cross (13) in 1930. 
Methods of incorporating the effects of semi-rigid 
connections into the analysis were proposed by Baker (8) 
and Rathbun (11). JohnE; ton and Mount (14) developed the 
method to include the effects of the width of the column 
at the connection. More recentlv Gere (15) presented 
charts for easy evaluation of fixed-end moments, carry- 
overs and stiffness factors. 
The original Hardy Cross method is confined to 
frames with perfectly rigid connections; the method when 
applied to frames with semi-rigid connections is performed 
in the same way. However, there are numerical differences 
in the values of fixed-end moments, carry-overs and 
stiffness factors. Table 2.2 gives a comparison of the 
conventional and semi-rigid moment-distribution factors 
for a beam of length L and flexural rigidity Ei loaded by 
a uniformly distributed load W. For a semi-rigid frame, 
the factors of Table 2.2 can be evaluated and once 
obtained, the analysis is exactly the same as for a 
rigidly connected frame, the only extra work involved 
being the evaluation of the initial factors. 
TABLE 2.2 - Comparison of Moment-Distribution Factors 
Conventional Modified Method including Factor M-D Method Effects of Semi-Rigid Connections 
Fixed-End Moment 
MF WL 2 
-(3ý + 1)WL 2 
2 3 2 2 1 AB 1 1 ( aý + a+ ý+ ) 
F WL 2 (3a + 1)WL 2 M BA 12 12 Octý. + 2cc + 2ý + 1) 
Carry-Overs 
C AB 
1 
2 
1 
(2 + 3ý) 
C BA 2 (2 + 3a) 
Stiffness Factors 
S 
(3ý + 2) 
2 2 +2 +2 +1 AB ( aý a ý ) 
S (3a + 2) BA 2(2aý + 2a + 20 + 1) 
N. B. Factors a and ý are defined in equation 2.2. 
2.2.3 Some other analytical methods 
The deformeter method, a method of mechanical 
structural analysis, uses a model of the structure 
made of celluloid sheet or other suitable elastic 
material. The model is proportioned so that the width 
of its members represent the relative rigidities of 
the members in the real frame. A modification of this 
method has been described by Baker (8) and Rathbun (11) 
in which the semi-rigid connection is represented by a 
local reduction in the width of the model at the 
connection positions. 
Rathbun (11) described a modification to the 
theor'em of three moments to account for the effects of 
elastic connections. Young and Jackson (10) first 
investigated the effects of semi-rigid connections on 
the sway deflections of frames in 1934. In the same 
year Baker (8) analysed a frame with side loads 
producing sway deflections using the moment-distribution 
method, this was later developed by Baker and Williams (9) 
in 1936. Stewart (16) applied the transverse method of 
analysis to a frame with elastic connections in 1947. 
SpurochnikoffL (17) examined the behaviour of semi- 
rigidly connected frames subj. ected to combined gravity 
and horizontal wind loads and considered the behaviour 
of the connections due to moment reversals. 
All the methods of analysis mentioned above are 
based on the assumption that structural connections 
have linear moment-rotation relationshi. ps. 
2.2.4 Matrix stiffness methods 
By 1960 the analysis of rigidly connected plane 
frames by matrix stiffness methods using electronic 
computers had become well established. In 1961 Lightfoot 
and Baker (18) produced a computer solution to the 
problem of plane-frames with elastic connections, using 
the generalised slope-deflection equations in matrix 
form. The semi-rigid end restraint was incorporated 
into the analysis by the use of correction matrices to 
amend the initial assumption of fully rigid connections. 
Monforton and Wu (19) first incorporated the effects of 
semi-rigid connections into a matrix-stiffness analysis 
program in 1963. Similar procedures were proposed by 
Livesley (20) and Gere and Weaver (21) at about the same 
time. The linear semi-rigid connection factor Z is used 
to modify the member stiffness matrices and the fixed- 
end forces vector. The stiffness matrices are modified 
by correction matrices and the resulting linear equations 
are solved as in the normal stiffness method. One 
particular advantage of the matrix stiffness method is 
that it can be-programmed so that relatively large 
frames can be analysed with ease, and also improvements 
in the end restraint representation are possible using 
iterative correction techniques. Such a method will 
be developed in Chapter 4. 
2.3 Investigations into Connection Behaviour to Provide 
Data for Design Methods 
During the 1940's much experimental work was 
undertaken to provide moment-rotation data for bolted, 
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riveted and welded connections. A notable investigation 
by Hechtman and Johnston (5) at Lehigh University in 1947 
considered the behaviour of 47 riveted connections. An 
extensive review of available connection moment-rotation 
data is given in Chapter 3. 
Johnston and Hechtman (22) proposed a design 
procedure accounting for semi-rigid end restraint and 
suggested that economies of fifteen to twenty per cent of 
the weight of beams in a frame were possible by using 
their design procedures as opposed to assuming simple 
connections. In this method beams are first designed 
for the maximum moment assuming simple supports, then 
the ratio of beam stiffness to the sum of column stiffnesses 
at the joint is calculated. Charts equating this ratio 
to the percentage rigidity of the connection were 
provided from which a reduction factor, subsequently 
applied to the section modulus of the simply designed 
beam, may be obtained. A beam corresponding to this 
reduced section modulus is then used. Further design 
procedures were proposed by Johnston and Mount (14) and 
Hechtman and Johnston (5) as a result of their analytical 
and experimental investigations. 
2.4 Early Methods of End Reýstraint Prediction 
2.4.1 Beam line method 
The Beam-rine method is a graphical method which can 
be used to determine the actual end restraint provided by 
a connection using the actual measured moment-rotation curve. 
The method was proposed by Batho and Rowan (8) and later 
developed by Batho (9) alone. Moment-area principles 
were used to derive the beam-line equation which gives 
the end restraining moment as a linear function of the 
angle of connection rotation, as shown in equation 2.3: 
M=mF 
2EIý 
-L 
This is for a beam of length L, of uniform section and of 
F flexural rigidity EI. M is the calculated fixed-end 
moment due to the beam'-s applied loading. To determine 
the end restraint provided to the beam by a certain 
connection, this beam-line is drawn on the connection's 
moment-rotation curve, as shown in Figure 2.2. 
The beam-line AB and the. restraint line OQ 
intersect at a point P. The values of moment and angle- 
of rotation at this intersection represent the end 
restraint conditions that would exist at the end of such 
a member when provided with the connection as described 
by the moment-rotation curve. An advantage of this 
method is that it uses the actual moment-rotation 
relationship and thus a more accurate value of the end 
restraint is found without the limitation of assuming 
linear moment-rotation behaviour. However, the method 
requires experimentally obtained moment-rotation data 
to be available for every connection analysed. 
2.4.2 Elastic restraint equations 
By the 1950's, methods of analysis for frames 
with semi-rigid connections were available. However, 
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FIGURE 2.2 - Beam-Line Method 
these methods could only be used to provide economy in 
frame design if data in the form of moment-rotation 
curves were available. If this data was not available 
expensive and time consuming laboratory tests had to 
be performed if semi-rigid design was to be considered. 
In an attempt to by-pass this experimental effort, 
methods for the predi ction of the initial tangent semi- 
rigid connection factor Z were proposed by Lothers (23) 
in 1951. He derived elastic restraint equations which 
were applied to the analysis of web cleated connections. 
This work was extended to other connection types at 
Oklahoma State University (24,25,26) during the 19501s. 
These elastic restraint equations predicted values of 
the initial tangent connection fac, tor which were shown 
to be in close agreement to the initial tangents of 
Rathbun's experimental results (11) for similar connections. 
The elastic restraint equation produces a single connec- 
tion factor value and so represents a linear moment- 
rotation relationship subject to the usual limitations 
of this simplifying assumption. This initial tangent is, 
in practice, an-upper bound of the connection stiffness, 
and this must be taken into account when used in semi-rigid 
design. 
2.5 Develo]2ments in Structural Engineering Affecting 
Semi-Rigid Connection Analysis 
2.5.1 Fasteners 
The past fifty years have seen the strength of steel 
available to the structural engineer ificrease by a factor 
of up to three, which has led to the development of the 
high strength friction grip (H. S. F. G. ) bolt. Du-ring 
the period of the 1950's development of structural 
fasteners occurred as a result of two factors (27), 
firstly, the development of this H. S. F. G. bolt and 
secondly as a result of extensive research into 
fastening techniques. 
Before 1950 riveting was the'most common form of 
fastening used in structural connections. Most-of the 
reported early investigations are on this type of 
connection. These have now generally been replaced by 
H. S. F. G. bolts as the principal type of fastener. The 
clamping force developed by a rivet is due to the 
shrinkage forces as a result of cooling, which are often 
inconsistent. The clamping force of an H. S. F. G. bolt is 
developed by the amount of torque applied to the bolt, 
this tightening processis much more controllable and so 
more consistent clamping forces are achieved. The main 
advantages of H. S. F. G. bolting over riveting may be 
summarised as follows: - 
(1) Provides a more consistent clamping force (18,28), 
(2) Installation does not require expensive heating 
equipment, 
(3) Reduces site fire risk, 
(4) Bolting crews require less-training to operate 
simpler equipment, 
(5) Field erection costs are lower. 
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For these reasons the H. S. F. G. bolt became more competi- 
tive than the rivet and so to a large extent replaced 
it. 
Welded methods have also advanced during the past 
fifty years due to developments into welding techniques. 
Very little welding was used in steel structures before 
1930 and its acceptance was initially very slow. Research 
has provided new materials and many new welding processes 
for use in the steel industry, thereby making welded 
connections very popular in recent years. The welded end 
plate connection became more common after the 1950's. 
These developments in fasteners and in the methods 
of using them provided more consistent and predictable 
beam-to-column connection behaviour. This enables the 
structural engineer to be more confident in. the end 
restraint provided by connections for use in semi-rigid 
analysis and design. Detailed discussion of the behaviour 
of various fastener types is given by Fisher and Struik (29). 
2.5.2 Electronic Digital Computers 
Existing methods of incorporating semi-rigid end 
restraint into a structural analysis become tedious and 
cumbersome by hand calculation for even medium sized 
frames. The analysis of a-large frame becomes far too 
arduous and virtually impossible for practical uses. 
For these reasons semi-rigid design and analysis was 
very unpopular and design practice continued to use the 
simplifying assumptions of either pinned or fully fixed 
connections. 
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The electronic digital computer was developed 
during the early 1950's and was applied to the analysis 
of structures in the late 1950's and early 1960's. The 
application of computers to matrix stiffness methods for 
the analysis of large structural frames became well 
known and many standard package programs now exist to 
perform the analysis. Computers also made it possible 
to incorporate systematic procedures into matrix stiff- 
ness methods to give a better representation of 
connection behaviour. Iterative methods of correcting 
connection stiffness and. end restraint values can be 
used to produce better representations of real 
connection behaviour. 
2.6 Stability Analysis of Frames with Semi-Rigid 
Connections 
The stability of rigidly connected frames using 
matrix methods has been analysed by many authors, 
notably Halldorsson and Wang (30) and Pr-zemieniecki 
. 
(31-) 
The s. tability'of-. a. frame can be measured by the 
determinant of the overall stiffness matrix of the 
structure. The stiffness matrix of a member is composed 
of two separate member stiffness matrices; (i) the normal 
stiffness matrix depending on the physical properties of 
the member and (ii) the geometrical stiffness matrix 
depending on the member length and the axial load alone. 
The geometrical stiffness matrix allows for the destabili- 
sing effect of the axial load. The overall stiffness 
matrix for the complete frame, summed for all members, is 
the sum of the normal and geometrical stiffness matrices: 
[K 
s+K Gý 
The point of frame instability occurs when the 
determinant of this overall stiffness matrix becomes 
equal to zero: 
2.4 
Det IKI =02.5 
In 1970, Romstad and Subramaniaýn (32) investigated 
the effects of semi-rigid end restraint on the buckling 
capacity of simple frames. They incorporated modified 
end connection stiffnesses into the matrix stiffness 
analysis and used computer. techniques to determine 
loads creating the instability condition of equation 
2.5. However, they utilised the classical approach of 
stability analysis, whereby the deformations due to 
loading are neglected and the procedure searches for 
loads creating the condition of bifurcation. The 
procedure developed was used to study the behaviour of 
a single-storey single-bay frame with semi-rigid beam-to- 
column connections, both with and without sidesway. A 
bilinear model of a connection moment-rotation characteris- 
tic was assumed. Computational procedures for locating 
eigenvalues of the stiffness matrix were used, the load 
being applied incrementally with successive calculations 
being performed to detect determinant sign changes with 
* Regula-Falsi interpolation procedure to find the 
ri * 'tical load. The bifurcation approach meant that they 
were unable to determine the effect of a nonlinear 
moment-rotation characteristic on the buckling capacity 
of frames. It was concluded that significant increases 
in the buckling capacity of simple frames could be achieved 
by using connections with fifteen to twenty-five per cent 
of the fully fixed rigidity. 
2.7 The Effective Length of Columns with Semi-Rigid 
End Restraint 
The effective length of a column in compression 
depends on the end restraining conditions at the ends of 
its unbraced length. In structural frames these end 
restraint conditions depend on the stiffness of connecting 
members as well as the stiffness of the connections. The 
Column Research Council's alignment charts (33) can be 
used to find the effective length of columns with rigid 
connections taking into account the relative stiffness of 
adjoining members. These alignment charts provide a 
quick and convenient method for evaluating the effective 
length factor of a column with rigid end connections. 
Methods of modifying the alignment charts for use with 
semi-rigid end restraint were first proposed by De Falco 
and Marino (34) in 1966. They derived an equation for the 
determination of the relative stiffness of a member with 
semi-rigid connections. This equation was plotted in the 
form of an alignment chart for the ease of its determina- 
tion. A value of the connection's initial tangent factor 
Z is required before the modified alignment chart can be 
used. De Falco and Marino used Lother's (23) elastic 
restraint equations to calculate Z which means a linear 
moment-rotation relationship is assumed. Driscoll (35) 
developed this work to allow for frames both with and 
without sidesway. 
Driscoll also conducted a theoretical study to 
determine the effect of semi-rigid end restraint on the 
effective length of columns in framed structures. From 
this it was found that the relative stiffness of connected 
beams range from ten to eighty-five per cent of that of 
rigidly connected beams. It was also found that the 
Column Research Council's IGI nomograph parameter for a 
semi-rigid web cleated connection was from eighteen to 
thirty-three per cent greater than the IG' parameter for 
the same members when rigidly connected. However, the 
resulting difference in effective length factors for the 
column were too small to be detected in the usual 
alignment charts. 
The initial tangent connection factor Z is used in 
this analysis which assumes linear connection behaviour. 
However, in practice the connection stiffness will be 
reduced under increasing load due to the nonlinearity of 
the connection behaviour, resulting in an upper bound of 
the connection stiffness being used in the analysis. 
Therefore the., influence of semi-rigid connections should 
have more significance on the column's effective length 
factor than that found by Driscoll using the connection 
factor Z. 
In 1974, Wood (36) also considered the effective 
length of members with semi-rigid connections. He 
suggested that the connection stiffness should be taken 
as the incremental stiffness, i. e. the tangential stiff- 
ness of the nonlinear moment-rotation curve at the current 
value of the moment. This concept of semi-rigid connection 
stiffness will be used in the analysis presented in 
Chapter 4. 
The B20 draft proposals of the British Standards 
Institution (4) give an empirical method of determining 
the effective length of continuous columns in multi- 
st orey frames. The effective length. P, is calculated by: 
P, = (1.0 -e1-e 2) 2.6 
where L is the actual length of the column and e1 and 
e2 are the end factors at each end, which are determined 
from. the equation: 
0.25i 
T250 + 
where j is the joint ratio depending on the ratio of 
beam stiffness to column sti ffness at the connection. 
Certain conditions for the proportioning of connections 
must be satisfied before this empirical method may be 
used. These proposals are based on the design-recommen- 
dations of the final report of the Steel Structures 
Research Committee of Great Britain (9). 
2.7 
2.8 Other Connection Deformations to be Investigated 
2.8.1 In-plane behaviour 
All the experimental and analytical methods 
described so far have only considered the in-plane 
flexural deformations of a connection. Connections 
may also have flexible deformation characteristics 
relating to other degrees of freedom, such as axial or 
shear deformation.. This topic was first investigated 
in 1974 by Lightfoot arid LeMessurier (37) who extended 
the matrix stiffness analysis to allow for connections in 
which members are constrained elastically against axial 
and shear forces as well as flexural moments. Linear 
force-deformation relationships were assumed in all 
cases. This work was applied to the analysis of scaffold 
structures, but the principles are easily applied to 
multi-storey structural frames. 
2.8.2 Out-of-plane behaviour 
Very little work has been reported of investigations 
of semi-rigid end restraints for out-of-plane degrees of 
freedom such as lateral shears, twisting and lateral 
bending. The nature of. the end restraint provided to a 
member in these degrees of freedom may be of importance 
to its three-dimensional behaviour. The twisting. degree 
of freedom was introduced into Monforton and Wuls 
analysis (19) assuming a linear torque-twist relationship. 
Lightfoot and Le Messurier (37) also considered the 
analysis of space frames incorporating all possible 
degrees of freedom in the form of linear elastic spring 
end restraint. Correction matrices were presented for use 
within rigid frame procedures. Numerous data have been 
reported for in-plane flexural behaviour of connections, 
whereas, very little experimental data is available for 
all other degrees of freedom. 
CHAPTER 3 
Connection,. -Data and Representations 
3.1 Flexural Behaviour of Connections 
3.1.1 Description of flexural behaviour 
The best description of the flexural behaviour 
of a connection is its moment-rotation characteristic. 
This is the relationship between the moment transmitted 
by the connection (from the beam to the column) and the 
rotation of the beam relative to the column. Figure 3.1 
shows typical moment-rotation curves which can be used to 
explain connection behaviour. The horizontal (rotation) 
axis represents an idealised pinned connection where zero 
moment is developed for all values of rotation. The 
vertical (moment) axis represents the idealised fully 
rigid connection where no joint rotation occurs for all 
values of moment developed. These are the two extreme 
idealisations and do, of course, describe the classical 
assumptions of pinned and fully figid connections, 
respectively. In practice, the moment-rotation curves 
for all real connections will lie in the range between 
these extremes. Figure 3.1 includes the moment-rotation 
curves of three real connections of differing degrees 
of rigidity. The lowest of these moment-rotation curves 
represents a flexible co. nnection such as where the web 
has double cleats. The top and seat cleated connections, 
shown as the middle curve represents a connection of 
intermediate rigidity. The most rigid connection illus- 
trated is made of T-stubs, attached to the top and bottom 
flanges of the beam and the resulting relationship is 
shown as the upper curve. 
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FIGURE 3.1 - Typical Moment-Rotation Curves 
The slope of the moment-rotation curve is a 
measure of the rigidity or stiffness of the connection 
at any particular value of rotation. Thus moment- 
rotation curves may be used to compare the relative 
rigidities of differing connection types. Figure 3.1 
shows graphically that T-stub connections are more 
rigid than top and seat cleated connections, which in 
turn are more rigid than double web cleated connections. 
It can also be seen that, in general, the rigidity of 
a connection decreases as joint rotation increases. 
Connections are most rigid in the initial stages of 
loading, after any slack due to lack of fit for the 
bolts has been taken up. As the moment transmitted 
through the connection increases the rigidity is 
reduced until the connection rigidity becomes zero. 
3.1.2 Nonlinear connection behaviour 
The moment-rotation characteristics of all real 
connections are nonlinear over the complete range of 
the curves, this is due to the complex nature and 
behaviour of joints. This complexity results from the 
fact that the connection components may have yielded in 
certain local positions, although the beam which is 
being supported may be carrying no more than its working 
load. As the connection deforms one part of the 
connection is pulled away from the supporting member 
while the other end of the same connection is pushed 
into the supporting member. The resultant of the forces 
producing these deformations form the couple which 
resists the applied moment. 
The moment-rotation relationship of the connection 
is nonlinear, even at relatively low applied moments. 
This lack of linearity exists in the elastic range of 
the component parts due to the change in stiffness of 
the compression side of the connection relative to the 
tension side as applied moment increases. This reduced 
stiffness is due to various factors as discussed by 
Lewitt, Chesson and Munse (38) and many other researchers 
as summarised in tabular form in the following section. 
Detailed explanations of reduced stiffness, connection 
behaviour and the various modes of failure have been 
described by these researchers. The important factors 
determining the rigidity of common types of connection 
can be listed as follows: - 
1. Length and depth of connected beams 
2. Connection ga. uge (Cross-centre Distance between Bolt Hole 
3. Type and size of fastener 
4. Thickness of connecting angles 
5. Whether connection is to a column web,, column 
flange or a girder web 
6. Physical properties of angles, members and 
fastener material 
7. End plate yield 
8. Column stiffener yield 
9. Local beam flange buckling 
10. Column web yield 
11. Beam and column contact during deformation 
3.2 Experimental Data on Semi-Rigid Connections 
3.2.1 Common connection types 
Structural connections which join beams to 
columns are generally divided into three types, flexible, 
rigid and semi-rigid depending on their stiffness and 
degree 6f rotational restraint. Commonly used connection 
types are shown in Figure 3.2 and these can be classified 
into the. three main categories. 
Flexible connections are capable of carrying the 
full end shear force, but offer low rotational resistance 
to the end of the beam. Rotation can occur relatively 
freely between the end of the beam and the column. In 
design such connections are considered to be pinned and 
'beams are designed to carry the full simple beam moment. 
In Figure 3.2 the single and double web cleated connec- 
tions and the welded header plate connections would be 
considered as flexible. 
Rigid connections are capable of carrying the full 
applied moment as well as the end she. ar force-. The 
connection components are stiff so as to reduce the 
relative rotation of the beam to the column to a 
Single Web Angle Double Web Angle 
11 6v--Fr- , 
r 
Header Plate 
-IL-Aril- End Plate No Column 
T-Stubs 
Stiffeners 
N-LL 
- TOP and Seat Cteats 
End Plate with Column 
Qý ; ; fnr-%n r. c 1= II IZ7 I Z> 
Top Plate and Seat Angle 
FIGURE 3.2 - Common Connection Types 
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minimum. In design these connections are assumed to be 
fully rigid and would be expected to provide the full 
fixed end moment so that the beam may be designed as 
continuous. The T-stub connection of Figure 3.2 and 
the combined connections of Figure 3.3 would be considered 
as rigid connections. Combinations of two of the basic 
connection types are used to increase the rigidity of a 
connection, for example a combined top and seat angle 
connection with . -web* cleats. Directly welded connections 
can also produce rigid connections. 
Semi-rigid connections are capable of transmitting 
appreciable amounts of bending moment but with some 
relative rotation between the beam and the column. In 
design these connections have often been assumed to be 
flexible leading to simpler beam design. In fact many 
of the connections assumed to be flexible are inherently 
semi-rigid and do enable end moments to be developed 
which are not taken into consideration during design. 
The top and seat angle, welded top plate and seat angle 
and the end plates with and without column stiffeners, 
as shown in Figure 3.2, are all connection types that can 
be classified as semi-rigid. 
Figure 3.4 shows typical moment-rotation gurves 
for the common connection types shown in Figure 3.2. 
This figure illustrates graphically how the types of 
connection used in practice can be divided into the 
three main groupings. The divisions of connection 
ra nge are drawn somewhat arbitrarily. 
Combined Top and Seat 
Angles with Web Cleats 
Combined T-Stubs with 
Web Cleats 
FIGURE 3.3 - Combined Connections 
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FIGURE 3.4 - Typical Moment-Rotation Curves for 
Common Connection Types 
3.2.2 Available experimental data 
Numerous tests on beam-to-column connections 
have been reported during the past fifty years. Inves- 
tigations reporting moment-rotation data for flexible 
connections are summarised in Table 3.1. Table 3.2 
summarises data for semi-rigid connections, while 
Tabl. e 3.3 summarises data for rigid connections including 
the combined connections. More detailed information 
relating to the attached beam and column sizes and the 
dimensions of the actual connections and fasteners is 
given in tabular form in Appendix A. 
Unfortunately most of the available data are for 
types of connections which are no longer used in practice. 
Indeed much of the early data involves connections using 
rivets as the main fastener, techniques that have largely 
been superseded by high strength friction grip bolting 
and by welding. The majority of data reported are for 
connections of beams to column flanges, thus rotational 
restraint is provided in the plane of the column's major 
axis. However, since minor-axis buckling is normally 
more important, data for minor-axis restraint would be 
more useful when considering the behaviour of the 
column. In short, much of the available data is generally 
out-dated and does not include sufficient tests for minor 
axis bending to facilitate extensive restrained column 
analysis. 
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3.2.3 Joint rotation measurement 
Analytical procedures are based on the ideal model 
of a system in which the structural members are represented 
by their centre-lines, with the connections being assumed 
to be at the intersection of these centre-lines. A 
comparison of the idealised model and the real structural 
arrangement is shown in Figure 3.5. 
The total joint rotation ý TOTAL 
is the relative 
rotation between point A and point C and has essentially 
three components; (i) that due to beam flexure for the 
len 
I 
gth B to C (ý BC 
), (ii) the flexural component of the 
half width of the column which is assumed to be part of 
the idealised system (ý AB ), and (iii) the additional 
rotation due to the connection itself (ý CONNECTION The 
rotation of the connection includes deformations of the 
connection components, local distortions of the beam 
centre-line and distortions of the column face. Although 
not ideal the third of these three components should give 
a close representation of joint rotation in an analytical 
procedure and not the total rotation of point C relative 
to point A as has been assumed by many investigations. 
ýCONNECTION = ýTOTAL ýAB - ýBC 
Equation 3.1 gives therotation at point B whereas 
analytical procedures assume the joint rotation to occur 
at point A, this induces a source of error into the 
representation of joint rotation within these procedures. 
3.1 
tangent just to 
left of B- B 
(a) Idealised Model 
0-" 
C 
(b) Real Arrangement 
Point A is the intersection of beam and 
column centre-lines 
Point B is the beam/column interface on 
the beam centre-line 
Point C is a point chosen as a convenient 
datum from which to measure 
rotation relative to point A 
FIGURE 3.5 - Joint Rotation Measurement 
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Care must therefore be taken, before incorporating moment- 
rotation data into analytical procedures, to ensure that 
a sufficiently accurate representation of connection 
rotation is used. Rotation measurement equipment should 
be arranged so that flexural rotation may be allowed for 
and that sufficient mesurements are taken so as to enable 
the true relative rotation (ý CONNECTION ) to be deduced. 
Much of the data reviewed in the previous section is 
incomplete in that insufficient data has been produced to 
allow for the flexural effects within the measurement zone. 
3.2.4 Finite element connection analysis 
The number of variables influencing the behaviour 
of structural connections makes an analysis to accurately 
predict the complete moment-rotation relationship very 
complex. Lothers (23) developed expressions to success- 
fully predict the initial tangent semi-rigid connection 
factor for web cleated connections, but, this only gives 
the slope of the moment-rotation curve at zero moment. 
It is accepted that the production of moment- 
rotation curves from actual tests can be time consuming 
and expensive. Moreover, the data obtained is limited to 
the particular arrangement tested. Recognising this 
Krishnamurthy et al (60,61,62,63) have recently 
developed a finite element computer procedure for the 
numerical simulation of moment-rotation curves. This 
method has been used successfully to simulate the 
behaviour of bolted end plate connections. Lipson 
and Haque (64) have adopted a similar approach for the 
analysis of single web cleated connections. The finite 
element method may be applied to the analysis of other 
types of connection, by redefining the mesh, to model 
any particular connection arrangement. To achieve 
reasonable accuracy, a fine finite element mesh must 
be used and this is fairly expensive on computer time 
and storage. 
3.3 End Restraint Modelling 
3.3.1 Linear models 
Methods of modelling the moment7rotation relation- 
ships have been considered since the effects of semi-rigid 
connections on frame behaviour were first investigated in 
the early 1930's. The majority of early models assume a 
linear moment-rotation relationship, in which the structure 
as a whole is considered elastic including the connections. 
The connection may be thought of as a locally weakened 
section of the beam between the rest of the beam and the 
face of the column. Alternatively, the equivalent spring 
model may be assumed, in which the beam is assumed to be 
attached to rigid supports by elastic rotational coiled 
springs. These linear elastic connection models are 
illustrated in Figure 3.6. 
These linear models have been applied to the modified 
slope-deflection, moment-distribution and matr-ix-stiffness 
methods of analysis as described in Section 2.2. The 
linear model is usually assumed in the form of an initial 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
H 
:f 
(a) Locally Weakened Section Model 
/ 
/ 
/ 
/ 
( b) Equivalent Spring Model 
FIGURE 3.6 - Linear Connection Models 
tangent stiffness factor Z which is only strictly correct 
for zero end moment. As the bending moment applied to 
the connection is increased the initial tangent factor 
becomes less representative of connection stiffness. 
Driscoll (35) discusses the problems arising due to the 
use of the initial tangent semi-rigid connection factor 
when applied to effective length calculations. In 
bifurcation type buckling problems it is the instantaneous 
ability to resist deformation which must be determined 
and, if no moment exists at the connection until the 
point of bifurcation, then the initial tangent stiffness 
factor is applicable in this idealised case. In real 
frames moments do exist at connections before the bifur- 
cation condition is attained and so the initial tangent 
factor is not representative of connection stiffness. 
This overestimate of connection stiffness would lead to 
an overestimate of frame buckling. capacity in any 
analytical procedure using the simplifying assumption. 
In an attempt to improve the straight line 
representation bilinear models were used by Lionberger 
(65,66) and by Romstad and Subramanian (32. ) within 
matrix-stiffness analysis methods. Bilinear models are 
-achieved by reducing the slope of the linear moment- 
rotation curve at a certain transition moment t6 follow 
the experimentally obtained curves more closely, as shown 
in Figure 3.7. However, the connection stiffness is still 
overestimated up to the transition moment level. 
2: 
-6-1 
A- Linear 
B- Bilinear 
C- Experiment 
Mt-Transition Moment 
Z -Semi -Rigid 
Connection Factor 
Rotation 
FIGURE 3.7 - Linear Moment-Rotation Functions 
3.3.2 Polynomial curve-fitted models 
3.3.2.1 Standardised moment-rotation equations 
Experimental moment-rotation curves, although not 
following any simple mathematical function, may be 
approximated by polynomial type functions using curve 
fitting techniques. Sommer (40) in 1967, first fitted 
moment-rotation data to standardised moment-rotation 
curves in the form of non-dimensional polynomial series. 
Sommer applied this work to a study of header plate 
connections. The form of the polynomial series function 
is: 
ý=f (CM) 3.2 
where C is a factor to allow for the size effects or 
dimensions of the connection. The terms M and ý are 
the connection's moment and rotation, respectively. 
The standardised moment-rotation function is applicable 
to all connections of the same type, the influence of 
different sizes and dimensions are accounted for by the 
size effect factor C. This eliminates the need to store 
moment-rotation data for every conceivable type of 
connection.. The standardised moment-rotation relation- 
ship can be derived because all connections of A given 
type have similar moment-rotation curves. Thus the 
moment-rotation curve for any particular connection may 
be generated by substituting its size effect-factor into 
the standardised function. Kennedy (67) extended this 
method to include end plate connections and compared 
results with experimental data. The standardised 
function is shown to model the experimental data within 
a tolerance of ten per cent. 
Frye (68) in 1971, and later with Morris (69), 
extended the work on standardised curve fits to allow 
for seven different types of connection. Usipg previously 
reported experimental data the y produced standardised 
moment-rotation functions for the following types of 
connection: 
1. Double web cleats 
2. Single web cleats 
3. Header plates 
4. Top and seat angles 
5. End plates No column stiffeners 
6. End plates With column stiffeners 
7. T-Stubs. 
In all the functions produced for the above 
connections the variations in sizes of similar types of 
connection are allowed for by. the term C. This size 
effect factor is the product of various size parameters 
raised to powers of constants, which have been determined 
by curve fitting processes using. actual experimental 
data. For example for a double web-cleated connection 
the size effect factor is: 
d -2-4t-0-23 9 
0-16 
where d is the depth of angle, t is the angle thickness 
and g is the connection gauge. This factor, when 
evaluated, may be substituted within the standardised 
moment-rotation equation which for this type of 
connection is given as: 
3.3 
3.66(CM). 10- 4+1.15(CM) 3.10-6 + 4.57(CM)5.10-8 3.4 
This equation was derived using Imperial units and care 
must be taken with the units of parameters before this 
equation is used. Similar expressions for all the above 
connections are given by Frye and Morris (69) and these 
were all shown to give close agreement to the corresponding 
original experimental curves. 
Frye (68) successfully used these standardised 
equations within a matrix stiffness program for the 
analysis of multibay-multistorey frames. The analysis 
is used to calculate the extra overall frame deformations 
due to the flexibility of the connections when compared 
with the perfectly rigid connection.. It is shown that, 
when certain types of semi-rigid connection are used, the 
overall frame sway may be increased by as much as twenty- 
one per cent. 
3.3.2.2 Limitations of polynomial curve fits 
Polynomial curve fitting methods were first 
considered by the Author for the representation of the 
en d restraint to be used in the analysis, as will be 
described in the next chapter. Firstly, a single 
polynomial series expression was used of the form: 
a20+a3P+a4 
The best fit of the coefficients of equation 3.5 was 
found using a least squares routine in a computer 
analysis. The single polynomial curve when fitted to 
the experimental data of a top and seat flange cleated 
connection is shown in Figure 3.8. A-good approximation 
to the shape of the data is produced, but the slope of 
the function is unsatisfactory as a description of connec- 
tio. n. stiffness. The nature of such a single polynomial 
function is to peak and trough within the range of the 
function as it seeks to produce a line as close as 
possible to a number of given points. End restraint 
modelling however, when applied to frame analysis requires 
values of connection stiffness at various stages of load- 
ing. This connection stiffness may be measured by the 
slope of the moment-rotation relationship and thus the 
first derivative of the function is vitally important. 
Polynomial functions do not give good approximations to 
the first derivative of moment-rotation data, and may 
in extreme cases become negative within the range of 
the function. This, of cours6, would represent. an 
incorrect negative connection stiffness, such errors 
would be unsatisfactory in any analytical procedure. 
The second end restrainE representations to be 
3.5 
investigated were the standardised moment-rotation 
0.40 
0.35 
0.30 
E0.25 
0 
2: 
0.20 
0.15 
0.10 
Experimental Data 
Point 
B-Spline Fit 
Polynomial Fit 
-3 
Rotation in rad xlO 
FIGURE 3.8 - Comparison of B-Spline and Polynomial 
Curve Fits 
equations of Frye and Morris (69). These were found to 
be simple and easy to use, as the equations may be 
incorporated directly in the analysis provided that care 
is taken with the units of the various parameters. 
However, the deviation of the standardised curves from 
the experimental observations was found to be much 
greater than that claimed by Frye and Morris (69). 
Experimental data reported by Batho and Rowan (8) for 
a double web cleated, a top and seat flange cleated and 
a T-stub connection are compared with the appropriate 
standardised curves in Figures 3.9,3.10 and 3.11, 
respectively. A comparison of the measured maximum 
deviations with the values claimed by Frye and Morris 
is given in Table 3.4. The accuracy of the representation 
of the web cleated connection is less than three times 
that claimed. The maximum difference between the generated 
curve and the experimental observations is forty-three per 
cent for the top and seat flange cleated connection, 
which is four times less accurate than that claimed. Even 
though the maximum deviation for the T-st. ub connection 
is twelve per cent, which does correspond closely to the 
value claimed by Frye and Morris, the standardised 
moment-rotation equation method was not considered to be 
accurate enough for use withih the end restrained 
column analysis. A more accurate representation of the 
true connection behaviour may be achieved-by using 
cubic B-spline curve fitting techniques (70,71). 
30 
25 
20 
cu F-- 
15 
10 
5 
0 
0 
Experimental points 
B-Spline 
IIIII 
2 6 8- 10 
-3 
Rotation in rod xlO 
FIGURE 3.9 - Comparison of Standardised and Experimental 
Moment-Rotation Curves for Web Cleated 
Connections 
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60 
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2 4 6 B. 10 
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FIGURE 3.10 - Comparison of Standardised and Experimental 
Moment-Rotation Curves for Top and Seat 
Cleated Connections 
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FIGURE 3.11 - Comparison of'Standardised and Experimental 
Moment-Rotation Curves for T-Stub Connections 
TABLE 3.4 - Comparison of Measured and Claimed Maximum 
Deviation of Standardised Moment-Rotation 
Equations 
Type of 
Connection 
Maximum deviation 
measured when compared 
with experimental data 
Maximum deviation 
claimed by Frye and 
Morris 
Double web 
20% 6% 
cleats 
Top and seat 
43% 11% 
cleats 
T-stubs 12% 12% 
3.3.3 B-Spline curve fitting techniques 
3.3.3.1 Cubic B-Splines 
Spline functions, although only recently introduced 
to data fitting, have become very useful. They are 
adaptable to a wider variety of shapes than are single 
polynomial functions. The best fit to the spline func- 
tions is obtained using least square routines in much 
the same way as when used with single polynomials. 
A spline function S(x) of order n (degree n-1), 
with knots kl, k2k 3' k h' (where k, <k2< 
<kh) is atunction with the following properties. 
In each of the intervals: 
x :Lk1 
:! L x<- kil for i*= 2, 
and 
kh x 
S(x) is a polynomial function of degree n-l. 
(ii) S(x) and its derivatives up to order n-2 are 
continuous. A knot k. is a convenient data point 
which is used as the boundary between two adjacent 
intervals, there are h knots in all. 
The function is a cubic spline when the order 
n is equal to 4 and this isconsidered to be a satis- 
factory function for curve fitting. The continuity of 
the second order derivative makes it adequate for most 
3.6 
3.7 
3.8 
practical problems. The above definition means that 
the cubic spline consists of a set of h+1 cubic 
polynomials joined smoothly end to end. Practical q 
problems normally require the approximation of a set 
of m data points (x If for r=1,2, m, by rr 
a cubic spline confined to a finite range, axb. 
The fi. rst and last knots are chosen so that a<k 
and b ýt k h' This makes the cubic polynomials of finite 
length and a. and b are-normally set equal to the smallest 
and largest xr, respectively. 
A cubic spline which has knots kl, k 2' 
has a unique representation in the form (71): 
3h 
S(X) a3 X3 + ýi(x -k+3 
i=o 
where 
(x -k when (x -k> 0- 
when (x -ki)-! ý. 
., 
Th is representation contains h+4 basic functions, 
4 power terms and h one-sided cubics. This is the 
minimum number of terms in which the general cubic 
spline with h knots can be expressed. This general 
function when used in curve-fitting becomes a problem 
of minimising the squares of the deviations of this 
function from the data points: 
3.9 
3.10 
m2 
I [S(X 
rf rl 
3.11 
r=l 
A least squares routine is used to minimise the values 
of aj and ý i, This results in the. least squares solution 
of an overdetermined system of linear equations: 
i ct. X3 +jß j=O 3 - 
Xi)+ 3=f, for r=1,2 ...... m 3.12 
It is assumed that the number of data points m is greater 
than or equal to h+4. 
The spline function represented by equation 3.9 is 
computationally unsatisfactory in that the m linear 
equations 3.12 for determining ai and ý1 tend to be ill 
conditioned (71). A better representation is -obtained 
by using B-splines. A cubic B-spline is a cubic spline 
that is non-zero only over 4 adjacent intervals between 
knots. That is the cubic B spline, which has knots 
k1l k2.... rk h' is zero everywhere except in the range 
k i-4 <x<k i* to define the full set of B-spline 
functions for a curve fit it is necessary to introduce 
eight additional knots. k-. 3--' k_ 21 k_111 ko, k h+2 ,k h+3 and k h+1' 
k h+41 which must satisfy the conditions: 
k_ 3< k_ 2< k_ 1<k0<a 
and k h+4 ýý' k h+3 ýý' k h+2 k h+l >b 
With this increased set of knots the h+4 B-sFilines 
Mi (x), i=1,2, h+4 can be defined. The 
representation of the data in the range a<x<b 
then has the form (71) : 
h+4 
im i (x) j=l 
3.13 
3.14 
The curve fitting problem then reduces to finding the 
h+4 coefficients y-. as the least squares of the m 1 
equations: 
h+4 
ym (X f rr 
for r2M. 
In practice these coefficients are determined 
using matrix notation and most scientific computer 
packages have routines for the determination and evalua- 
tion of B-spline functions. 
3.3.3.2 Applications to connection representation 
3.15 
Cubic B-spline curve fitting methods are used to 
achieve more accurate representaions of the true moment- 
rotation behaviour of a connection. This method requires 
the range of connection rotations to be divided into a 
finite number of smaller ranges. These smaller ranges 
are divided by convenient data points being chosen as 
the knots for the B-spline routines. Computer package 
routines only require the experimental data points and 
a list of conveniently chosen knots to determine the cubic 
B-spline coefficients. This method has been shown to 
produce close and smooth representations of experimental 
moment-rotation data as can be seen in Figure 3.8, which 
shows the B-spline approximation and the set of experimental 
, 
data from which it was derived. 
B-spline curve fitting routines yield a numerical 
description of the moment-rotation behaviour of the 
connection and this numerical description may be used 
directly within numerical differentiation procedures to 
give a measure of connection stiffness at any given value 
of rotation. The corrected value of connection stiffness 
can then be used in the modified matrix stiffness method 
for semi-rigid frame analysis. *This enables column or 
frame analysis to be performed using very close 
representations to the true connection behaviour. 
CHAPTER 4 
An Analysis of Columns with Semi-Rigid End Restraint 
4.1 Stability Analvsis of Columns 
The analysis of steel columns may be approached 
by two fundamentally different methods. Classical 
methods of analysis assume the column to be "ideal" 
in shape, properties and end restraint. The maximum 
load is determined using a direct eigenvalue method. 
In recent years attempts have been made to develop 
mathematical models of a "real" column, which include 
material and geometrical nonlinearities. The solution 
is found by tracing the complete load versus lateral 
deflection curve of the column with the maximum load 
being the peak point of this curve. - 
4.1.1 Eigenvalue approach 
The column problem has historically been approached 
by the eigenvalue method in which a critical load is 
found without calculating any deflections. The first 
-analysis to consider the buckling of slender columns, 
instead of material failure, was proposed by Euler in 
1759. The well known Euler elastic buckling load, given 
by the expression: 
7T 2 EI 
L2 
gives the maximum load capacity of an ideal slender 
column of length L, material elastic modulus E and 
moment of inertia I. An ideal column is one which has 
no geometric or material impe'rfections, the end restraint 
is perfectly pinned and loading is perfectly axial, so 
4.1 
that the only deflections to occur at low loads are 
those in the direction of loading. This critical load 
is found by mathematically testing the equilibrium of 
the column; the critical load is reached when the 
equilibrium path"separates into two possible configura- 
tions. This load is known as the buckling or bifurcation 
load. The point of bufurcation for the ideal column is 
shown in Figure 4.1. At the criticalload PE the equili- 
brium path may either continue on the vertical axis or 
the lateral deflections may suddenly become indetermined. 
This simple analysis overestimates the maximum load 
capacity of real columns, which are not perfectly 
straight and for which the material is not perfectly 
elastic nor free of residual stress. Also, loading is 
not perfectly axial and in practice end moments often 
exist, for example, due to load eccentricity. On the 
other hand, these ideal end restraint assumptions 
underestimate the maximum load, because, as shown in 
Chapter 3, even the most flexible of real connections offer 
considerabl-e rotational restraint to the column ends. 
The limitations of the'Euler analysis. were 
recognised by Engesser, who in 1889 proposed the tangent 
modulus method to allow for the inelastic behaviour of 
the column material. This ef'fect is introduced-by 
replacing the material's elastic modulus E of equation 
4.1, by the tangent modulus Et, which is the slope of 
the material's stress-strain curve. The effects of 
material Yield on the cross-section were later accounted 
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FIGURE 4.1 - Comparison of Classical Eigenvalue and 
Load-Deflection Methods 
for by the reduced modulus approach. This assumes a 
reduced modulus, between E and Et, to allow for. partial 
plastification of the section. Again, the reduced 
-modulus is substituted into the Euler expression to 
give a critical load value. These modifications to 
the original Euler analysis can account for the effect 
of residual stress and other material nonlinearities, 
but geometrical imperfections such as out-of-straightness 
and end restraint cannot be incorporated. 
Modern matrix methods also adopt an eigenvalue 
approach to the column problem. The stiffness matrix 
of a member can be modified by the incorporation of 
stability functions to become the stability matrix (20), 
the determinant of which gives a measure of stability. 
The stability functions are dependent upon the level of 
applied axial load, and in turn this makes the determinant 
of the stability matrix load dependent. Axial load 
becomes critical when it causes the determinant of the 
stability matrix to equal zero. So the analysis becomes 
a matter of searching for the first eigenvalue of the 
column's stability matrix. 
4.1.2 Load-deflection approach 
The load-deflection method attempts to solve the 
stability problems by determining the load versus lateral 
deflection curve of the column over its entire loading 
range, including the post-maximum descending part of the 
curve. The solution technique is performed by applying 
load incrementally and calculating resulting deflec- 
tions. Equilibrium iterations are usually performed 
until the internal forces balance the externally applied 
loads. The calculation of deflections in the elastic- 
plastic range of materials is usually complex, so 
numerical computer procedures are often used to obtain 
a solution. The load-deflection approach must be used 
to obtain an accurate solution for a real column in a 
structural frame. 
The real column is not perfectly straight but is 
assumed to have an initial out-of-straightness, which 
causes lateral deflections to occur throughout the full 
loading range. These deflections in turn produce 
secondary moments which cause further lateral deflections 
to occur. Real columns also have nonlinear material 
imperfections due to elastic-plastic stress-strain 
behaviour and also the presence of initial residual 
stresses. A geometrical imperfection of the column 
which has received very little attention is that of 
end restraint, which can have an important stiffening 
effect. Loading conditions on real colums are usually 
not perfectly axial, load is often applied at some 
eccentricity due to the geometry of structural 
connections and often columns are subject to additional 
lateral loads. 
The column analysis described in this chapter 
adopts a load-deflection approach and includes the 
material and geometrical imperfections discussed above. 
Particular attention is given to the inclusion of real 
end restraint conditions in the analysis. 
Column theory has developed from consideration of 
an "ideal" column to the detailed study-of the behaviour 
of a complex "real" column model. This change in approach 
has been made possible by increased knowledge of the 
effects which parameters such as: residual stress, initial 
out-of-straightness and end restraint, have on the 
strength of columns. These effects have all been 
incorporated into column models to make them more 
representative of the real column. As the column models 
become more sophisticated the load-deflection method of 
analysis becomes a better representation of true column 
behaviour. 
The type of curve that results from a load-deflection 
analysis is shown in Figure 4.1, which illustrates the 
difference between the two approaches. A comparison of 
the assumption made about the column model in the two 
approaches is given in Table 4.1. 
4.2 The Finite Element Method of Analysis 
The Finite Element Meth. od is a well-known struc- 
tural analysis technique and is fully described in many 
standard textbooks (72,73,74). A detaile d discussion 
of the Finite Element Method is beyond the scope of this 
thesis; for this reason only a brief outline of the 
me*thod is given. Attention is concentrated upon the 
TABLE 4.1 - Comparison of Real and Ideal Analysis 
Assumptions 
Eigenvalue Load-Deflection 
Analysis Analysis 
Perfectly straight Initial out-of-straightness 
Elastic material 
Elastic-perfectly plastic 
stress-strain curve 
Initially stress free Residual stresses 
Ideally pinned connection Actual connection behaviour 
application of the method to the end restrained 
column problem. 
To solve the column problem by the Finite 
Element Method, a general procedure must be followed. 
This may be summarised as follows: 
1. The column is divided into a finite number of 
elements along its length. The divisions between 
these elements are marked by nodes. The ends of 
the elements on either side of these nodes are 
compatible in position and direction,. so that the 
behaviour of the complete assemblage of elements 
approximates tothe physical behaviour of the column. 
The material and physical properties are chosen to 
closely model the column's properties. The chosen 
length of the elements depends on the required 
accuracy of solution; the accuracy generally increases 
with an increased number of elements. 
2. The element stiffness matrix to describe the 
properties of a typical element is chosen and relates 
the elements' nodal displacements to the forces that 
exist at the nodes. This relationship is described by 
the expression: 
{F e1= [K e]{, e} 
in which [K e] is'the element stiffness matrix, {F e) is 
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the vector of loads applied at the nodes and 16 e} is the 
ve6tor of unknown nodal displacements. 
3. The overall stiffness matrix [K] for the whole 
column is assembled by adding together all the 
individual element stiffness matrices. In the isolated 
column problem no transformation of coordinates is 
required. The resulting overall stiffness matrix 
relates the displacements at all nodes of the column 
16} to the vector of all applied forces {Fj: 
{F} = [K]o 
4. The boundary conditions relating to fixed 
supports and end restraint are applied to equations 
4.3 by modification of the overall stiffness matrix 
[K] and the applied load vector {F}. 'Boundary condi- 
tions must be applied to relate all displacements to 
a fixed datum. The overall stiffness matrix would be 
indeterminate if insufficient of these conditions were 
applied. 
5. The vector of unknown displacements {6} may then 
be found from the solution of the modified set of 
equations 4.3. 
6. The internal stresses and strains within the 
elements may then be calculated from the nodal 
de. flections-d. etermined in the. previous step. 
4.3 Column Model used in Analysis 
The theoretical column model, used in the 
analysis, is shown in Figure 4.2a. The model consists 
of a member with a provided initial out-of-straightness 
4.3 
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FIGURE 4.2 - Column Models used in Analysis 
between two pinned supports. The semi-rigid restraints 
at these supports are represented by rotational springs 
connected to the perfectly rigid datum. -Realistic 
modelling of real connections requires that the stiffness 
of these rotational springs be a nonlinear function of 
rotation at the column ends. This may be expressed as: 
Kc=f (0) 
where K is the connection's rotational stiffness at c 
a rotation of 0. Axial loading is applied at the column 
ends, where bending moment may also be applied. Eccentric 
loading can be represented by a combination of axial 
loads and bending moments. Although the column model 
shown in Figure 4.2a is for the sway prevented case, sway 
may be introduced into the analysis simply by changing 
boundary conditions. 
The finite element column model is shown in 
Figure 4.2b. Nodes divide the column into a finite 
number of one dimensional beam elements. The analysis 
is restricted to in-plane deformations, so the beam 
elements have three degrees of freedom at each node; 
namely axial, lateral and rotational deformation. 
Therefore each beam element has six degrees of freedom 
and is represented by a6x6 stiffness matrix. ' The 
number of elements used to represent the column 
depends on the r, equired accuracy; an increase in the 
number of elements generally produces a corresponding 
increase in accuracy. All supports, apart from the 
rotational end restraint, are assumed to be perfectly 
4.4 
rigid. 
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4.4 Column Stiffness 
4.4.1 Element stiffness matrix 
The column is represented in the analysis by a 
series of in-plane beam elements. Each of these elements 
has three degrees of freedom at each of its two nodes, 
as shown in Figure 4.3. The vectors of nodal forces 
and nodal displacements can be expressed as: 
x1i 
Iu1 
{Fe} = 
yl 
Z1 
x2 
y2 
I 
z2 
I and {6 
e} = 
V 1 
01 
U2 
V2 
0 
These two vectors are related to each other, in the 
material's elastic range by the equations 4.3, in 
which [K e is the element stiffness matrix. The 
element stiffness matrix for a straight beam element 
with uniform cross-section is derived by Przemieniecki 
(31), and may be expressed as: 
4.5 
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where L is the length of the element, A is the cross- 
sectional area, I is the moment of inertia and E is the 
material's elastic modulus. This matrix may be derived 
by assuming a. linear axial displacement function and 
cubic lateral and rotational displacement functions. 
A linear elastic stress-strain relationship is assumed 
in which the elastic modulus E is constant and the 
material is completely elastic. The element stiffness 
matrix is a measure of the element's stiffness due to 
its material propqrties. Nonlinear material properties 
may be accounted for, in an incremental analysis, by the 
use of reduced axial and flexural rigidities. 
4.4.2 Element geometrical stiffness matrix 
The element geometrical stiffness matrix is used to 
account for'the effects of axial load and changes in 
element geometry. The geometrical stiffness matrix was 
derived by Gallagher and Padlog (75) to include the 
effects of large displacements in the calculation of the 
element's stiffness matrix. Large displacements cause 
the strain-displacement functions to contain nonlinear 
terms. The large displacement strain-displacement 
functions are used to derive the element geometrical 
stiffness matrix, which is expressed as: 
[Ke] p G 
000000 
10 -6 1 
5L 10 NE -i-o- 
2L -L 
10 15 
000000 
4.7 
-1 0 5L 10 ýE- -i -0 
-L 0 -1 2L 10 30 1-0 1 -5 
where L is the length of the element and P is the 
axial load with tension positive. Compressive axial 
loads reduce column stiffness and this is accounted 
for by adding the geometrical stiffness matrix to the 
element stiffness matrix: 
[Ke] = [K 
ej + [K e] EG 
4.4.3 Overall stiffness matrix 
once the individual element stiffness matýrices have 
been established it is necessary to assemble the overall 
stiffness matrix of the whole column. This results in an 
equilibrium equation for each*degree of freedom of the 
column, so that, if the column has been divided into 
eight elements with nine nodes, the overall stiffness 
4.8 
matrix will have 27 rows and columns. The individual 
elements are assembled to form the overall stiffness 
matrix to ensure that displacement compatibility is 
satisfied at each node of the column. Computational 
methods for the assembly of the overall stiffness 
matrix are given in standard textbooks (73,74). The 
overall stiffness matrix is found, in the present 
analysis, by assembling all the element elastic stiff- 
ness matrices into the overall elastic stiffness matrix 
IKE ] and all the element geometrical stiffness matrices 
into the overall geometrical stiffness matrix CK Gl' 
these are then added together to give: 
[KI = 
In order to save computational effort the overall 
geometrical stiffness matrix need only be assembled once 
for unit axial load; this can then be stored and multiplied 
by the total axial load level for use in the incremental 
analysis. Due to changing column cross-sectional 
properties as loading increases, the overall elastic 
stiffness matrix has to be reassembled after each 
iteration. Equations 4.9 may then be expressed as: 
4.9 
[K] = [K E]- P[R Gý 
4.10 
where [R GI is the overall geometrical stiffness matrix 
for unit axial load. 
4.5 The Influence of Geometrical Imperfections 
4.5.1 Initial out-of-straightness 
Real. columns are not perfectly straight due to the 
initial curvature produced during the hot rolling 
process of manufacture. This initial curvature causes 
the column to bend throughout its loading range and 
this produces increases in member stresses. The greater 
the initial curvature the greater will be the bending 
effect. The initial out-of-straightness of a range of 
column sizes has been measured (76); and can be reasonably 
ýapproximated'by a half sine wave with a maximum central 
deflection given by: 
TTX 
0= ao 1n f- 
where aois the initial central deflection, L is the 
length of the column and 60 is the initial lateral 
deflection at a distance x along the column. The value 
of the initial central deflection ranges from zero to 
a maximum of about 0.004L. Design and analytical 
procedures usually assume a value of 0.001L. 
The finite element column model is initially 
straight and the effect of initial curvature is included 
in the analysis'by the use of imaginary lateral loads 
{P 
0 
}, which increase in the same proportion as the 
applied axial load P. Their purpose is to increase 
lateral deflections as column bending increases due to 
axial loads. acting through the initial out-of-straightness. 
For zero axial load the initial deflection shape is 
assumed; initial. lateral d6flections 6 are given by 0 
equation 4.11 and initial rotational deflections 00 are 
given by the first derivative of equation 4.11 with 
respect to length x along the column: 
4.11 
0= 
g-(6 
)= Cos 7TX 
0 dx oL 
initial axial deflections are zero. Equations 4.11 and 
4.12 define the initial shape of the column from which 
additional deflections 6 due to applied axial loads 
are measured. The imaginary lateral loads are calculated 
by multiplying the vector of initial deflections by the 
overall geometrical stiffness matrix (31): 
{p 
0}= 
[K 
G 
]{60} 
The load vector assumed in the analysis is the 
sum of the actual applied loads JFJ and the imaginary 
lateral loads fP 
0 
}, this is applied incrementally and 
IP 
01 
is calculated assuming the axial load level at the 
start of the load increment. 
4.5.2 Destabilising effect of axial loads 
An axial. load acting through the initial out-of- 
straightness of the column affects its stability. A 
tensile axial load tends to straighten the column and so 
increases its stiffness. However, when a compressive 
axial load acts through an i*nitial curvature the effects 
of the load acting at an eccentricity (due to the lateral 
deflection) cause secondary moments, which increase 
lateral deflections and reduce column stiffness. This 
reduced stiffness in turn reduces the stability of the 
column. A measure of the column's stability is given by 
the determinant of the overall stiffness matrix, the 
dqterminant being zero at the point of instability, when 
4.12 
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displacements tend to infinity. The instability 
condition is then expressed as: 
det IK 
E+K GI ý: 0 
The geometrical stiffness matrix modifies the equilibrium 
equations to allow for the destabilising effect of axial 
loads. In the notation of the geometrical stiffness 
matrix for unit applied load, the instability condition 
may be expressed as: 
det IK 
E-P. K- GI :-0 
where P is the compressive axial load. 
4.6 Inclusion of End Restraint into Analysis 
The effects of semi-rigid end restraint are 
included in the analysis by modification of the column's 
assembled overall stiffness matrix. The stiffness 
matrix terms relating to. the end nodes of the column 
model represent the column's inherent stiffness and do 
not include any external stiffness. Semi-rigid connections 
provide an additional external stiffness to the end node 
rotational degrees of freedom. This additional stiffness 
is the slope of the connection's moment-rotation 
characteristic for any partic-ular connection rotation 
value. The column stiffness matrix can be modified by 
adding the connection stiffness to the relevant stiffness 
matrix terms which relate end moment to end rotation. 
4.14 
4.15 
As the moment-rotation curve of a connection is a 
nonlinear function, the connection stiffness terms are 
calculated within an incremental loading procedure. The 
connection stiffness used in a load increment is assumed 
to be that which exists for the displacements at the 
start of that load increment. The moment-rotation 
curve for the connection is introduced into the analysis 
in the form of a cubic B-spline function which can be 
evaluated for any given end rotation. The tangent of 
this moment-rotation curve, representing the connection's 
rotational stiffness, is found by using the cubic B-spline 
function within a numerical differentiation routine. For 
a symmetrical column with identical connections at each 
end, the calculated rotational stiffness value Kc is 
added to the rotational stiffness terms in the column 
stiffness matrix. If the nodes of the finite element 
model are numbered in a rpgular pattern, so that each 
node has three consecutive degrees of freedom and the 
third degree is the rotational component, then the connec- 
tion stiffness term has to be added to the third and last 
leading diagonal terms of the stiffness matrix. This. can 
be expressed as: 
K 
11 
K 
11 
+ Kc, for 3 and NDF 4.16 
where Kc is the connection stiffness, K 11 
is the 
original stiffness matrix component for degree of freedom 
i which is modified to give K! -.. NDF is the total number 11 
of. degrees of freedom, and is equal to three times the 
number of nodes. 
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4.7 Evaluation of Section Properties 
4.7.1 The stress-strain relationship 
The important material properties of a structural 
material are given by its stress-strain relationship. 
Figure 4.4 compares the actual stress-strain curve for 
a structural steel with an assumed idealised elastic- 
perfectly plastic stress-strain relationship. The 
present analysis assumes the stress-strain behaviour of 
Figure 4.4b, in which the material has a linear stress- 
strain curve whose slope is the Young's modulus of 
elasticity E. The values of E vary within a fairly 
narrow range of 200-210 kN/mm for most types of 
structural steel. The steel remains elastic while in 
this linear range. The limit for this elastic range is 
reached when the strain becomes equal to the yield 
strain 6, beyond this point the material flows y 
plastically without any increase in stress. The 
maximum stress level achieved is the yield stress, 
which is the most important property in determining 
the strength of a structural steel. The yield stress 
varies significantly with the grade and chemical 
composition of the structural steel. The stress-strain 
relations assumed in the analysis may be expressed as: 
cr =IE. 
F-, when E< Ey 
a, when E>c 
It is assumed that steel flows plastically until 
th'e strain-hardening strain E SH 
is reached, after which 
the stress increases until the ultimate tensile strength 
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is reached. The elastic-perfectly plastic curve 
neglects this strain-hardening effect and is not 
included in the present analysis. However, strain- 
hardening could be introduced into the analysis by 
assuming a new elastic modulus E' for the material SH 
when the initial strain-hardening strain is exceeded: 
E=E SH' when 6> ESH 
4.7.2 Spread of yield within the member cross-section 
The stiffness properties of a column are not 
affected while the material remains within its elastic 
range. The presence of bending strains cause a gradual 
change from an elastic state to the fully plastic state. 
From the load level of first yield, as yield spreads 
through the section there is a gradual reduction in the 
effective axial and flexural rigidities of the column. 
The effective axial and flexural rigidities of a column 
cross-section may be estimated by considering the 
contribution of elastic zones of the section only, where 
the current value of strain is less than the strain at 
yield. 
The calculation of the effective section properties 
of a general cross-section is shown in Figure 4-5a, in 
which dA is an infinitely small area of section at a 
distance x from the neutral axis of the section. The 
effective axial and flexural rigidities may be expressed 
4.18 
as: 
,A 
Effective EA= EdA 
A 
Effective EIEx2 dA 
Where if: 
c< EY E= EST 
6>6y E= 0 
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FIGURE 4.5 - Effective Section Calculation 
x 
Effective EA= T- E dA 
Effective EI= F- Ex 2 dA 
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A 
EA 
eff ":: 
fE. dA 
A 
EI 
eff = 
fE X2 dA 
where 
tE ST' when E<E: y 
0 when c>c y 
and equations 4.19 and 4.20 are integrals over the full 
area of the section. 
The above method for calculating the effective 
section properties is not suitable for use within a 
numerical analysis proced ure due to. the use of infinitely 
small areas. An approximate method (77) to include 
the effects of material yield on section stiffness 
properties has bben incorporated into the analysis, 
this requires the column cross-section to be divided 
into a number of rectangular regions as shown in 
Figure 4.5b. The axial and flexural rigidity contri- 
butions of each of these regions are calculated; each 
is assumed to be either completely elastic or completely 
plastic depending on the total strain that is applied 
to its centroid. This total strain consists of three 
components as shown in Figure 4.6. The rectangular 
axial strain distribution is due to axial deflections 
caused by direct axial load. The triangular strain 
distribution is-due to curvature, along the length of 
the column, caused by lateral- deflection due to initial 
out-of-straightness, end moments and eccentric or lateral 
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'I loads. Residual strain distributions are discussed in 
the following section. The three strain components 
existing at the centroid of each rectangular region are 
added together; if the total exceeds the yield strain 
then the effective modulus of the region is assumed to 
be zero. The effective section properties are found 
by summing the contributions of the individual regions 
over the whole section, the effective axial rigidity 
is : 
EA 
eff -ý 
XE. AA 
and the effective flexural rigidity is: 
EI 
eff = 
XE X2 AA 
where 
E= 
tE ST' when centroidal F- < E: y 
0 when centroidal c>c 
y 
AA is the area of the rectangular region and x is the 
distance from the region's centroid to the section's 
neutral axial. 
The resulting effective section properties represent 
the stiffness that exists at the nodes of the finite 
element model. The properties of a column fini te element 
may be determined by averaging the rigidities that exist 
at its ends. The section properties, which are calculated 
from total deflections during*each equilibrium iteration, 
4.22 
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are substituted into the element elastic stiffness 
matrices. These are used to reassemble the overall 
stiffness matrix and so include the effects of material 
yield within the column analysis. 
This method of determining the section properties 
may be used with'any thin walled column section. The 
section is assumed to consist of a number of rectangular 
plates which are divided into four regions through the 
thickness of the plate and up to forty regions along 
its length. For a structural I section, subject to 
in-plane bending and neglecting the effects of residual 
stress, computational effort may be saved by having only 
one region along the width of the column for either 
vertical or horizontal plates, If residual stresses are 
assumed to be present, then the full number of regions 
across the width of flanges must be used. The method is 
readily programmed for computer analysis procedures and 
permits any cross-sectional shape or residual stress 
distribution to be assumed. 
4.7.3 Inclusion of residual stresses 
Residual stresses,, which can exert a significant 
influence on the way in which yield spreads through the 
cross-section, should be included in any analys'is 
attempting to model real column behaviour. These 
stresses, which. result from differential cooling after 
hot rolling, can have a significant effect on column 
behaviour. Flange tips which cool rapidly are usually 
left in residual compression, while regions which cool 
more slowly, such as the web to flange junction, are 
normally in residual tension (77). Residual stresses 
are also present in welded-up sections, high residual 
tension is normally present in the regions around the 
welds, while the remaining regions are in residual 
compression maintaining equilibrium within the section. 
Residual stresses are included in the analysis by 
superimposing their strain distributions on the axial 
and bending strain distributions. This is done by 
assigning a residual strain value tothe centroid of 
each cross-sectional region described in the previous 
section. The program includes two possible rolled 
residual stress patterns and a welded stress pattern. 
These three patterns are shown in Figure 4.7. The 
program can call any of these patterns automatically, 
or alternatively any other pattern may be input as 
data. 
The parabolic strain distribution of sections 
used in British practice as described by Young (78) is 
shown in Figure 4.7a. This distribution may be repre- 
sented by simple parabolic fUnctions in both the web 
and the flange. Young gives the residual stress values 
for a steel I section at the flange tips aF, the flange 
to web junction a F11 and the c. entre of the web a 11 as: 
(a) Young 
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where %, is the web area and AF is the flange area. 
The residual stress level at any point along the flange 
may be represented by the simple parabolic equation: 
ax2+c RF 1f 
in which a RF is the residual stress level at a distance 
xf from the flange centroid, and a1 and c1 are constants 
to be determined from boundary conditions. At the flange 
to web junctions: 
xE=0 and so a RF =c1 
but the residual stress is. known to be a FW at this 
point, therefore: 
CY FW' 
At the flange tip: 
x and so a 
BZ +a f 2. RF -14 FW 
where B is the width of the flange, but at these-points 
the stress level is known to be a F' therefore: 
((j F- Cf F11) 
Aýj 
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The residual stress distribution in the flange is then 
fully defined by the equation: 
a 
4(a 
F-a FW 2+ 
RF B2f FW 
Similarly, the residual stress distribution along 
the length of the web may be represented by the para- 
bolic equation: 
CT "': a2 RW 2N + c2 
in which a RW 
is the residual stress level at a distance 
YW from the web centroid. Constants a2 and c2 are again 
determined from boundary conditions. At the web centroid: 
Yw =0 and G RW =c2 
which is known to be equal to aW, therefore: 
G 
At the web to flange junction: * 
2 
+DW and so aaDw+a YW -2 RW 22w 
where DW is the depth of the web, but the stress level 
at this point is known t. o be a FIV therefore: 
a 
D121 
+ OW cl 
22 FW 
and rearranging gives: 
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This fully defines the residual stress distribution in 
the web as: 
I%VV 
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Residual stresses are assumed to be constant throughout 
the thickness of both the flange and the web. Compressive 
stresses are assumed to be positive. The total stress 
pattern over the whole section should be in equilibrium; 
if the total compressive and tensile force components do 
not balance then the maximum web residual stress is 
modified until a balanced pattern is achieved. 
The triangular stress distribution as described by 
many research workers at Lehigh University in the U. S. A., 
is shown in Figure 4.7b. The distribution in the flange 
is given by a linear function of distance from the centre 
of the flange. The residual stress values for a steel I 
section at the flange tips aF and at the flange to web 
junction a FW are given as 
OF = 0.3a y 
and ci = -0.3 
ay AF 
ni (AýI +A F) 
where ay is the material yield stress. AF and A,, are 
the areas of the flange and web, respectively. The 
residual stress at any point along the flange may be 
represented by the linear equation: 
4.40 
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Application of boundary conditions gives: 
FW 4.44 
and 
a1 = 
2(a 
F-a Ell 
) 
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B 
therefore, the residual stress distribution in the flange 
is fully defined by the equation: 
2(a 
F- Cr FW) 
RF 
B. 
lxfl + UFW 
The distribution in the web of the section is assumed to 
be a constant tensile distribution aW, which is equal to 
the flange to web junction residual stress value: 
RW a IEW 
The wel . ded section has two residual stress 
components, in the areas around the weld the material 
is assumed to be in high residual tension a RT' which 
is equal to: 
0.9(y 
RT 
and elsewhere 
. 
in low residual compression a RC equal to: 
cr RC ý- 
0. la 
This width of the heat affected zone around the weld is 
chosen to maintain equilibrium over the complete section. 
The welded residual stress distribution is shown in 
4.46 
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Figure 4.7c. 
4.8 Solution of Nonlinear Equilibrium Equations 
4.8.1 Load incrementation 
The geometrical and material nonlinearities, of 
the previous three sections, result in a system of 
nonlinear equilibrium equations: 
{F) = [K]16) 4.50 
The overall stiffness matrix [K] is nonlinear because 
it is dependent on the current configuration of the 
column during loading. Equation 4.5 states the member's 
equilibrium condition, in which the externally applied 
force {FJ should balance the internal'forces resulting 
from member deformation. These nonlinear equations are 
solved in the analysis using an incremental method with 
iterative equilibrium corrections. 
The incremental method is a numerical technique in 
which the nonlinear problem is solved in a step-wise 
fashion. In structural problems this is implemented by 
applying external loading as a sequence of sufficiently 
small increments so that the"structure may be assumed to 
behave linearly within each increment. The equilibrium 
equations are then solved for each load increment 
resulting in an increment of ýisplacement which-can be 
added to the sum of all previous displacement increments 
to give the current deflected configuration of the column. 
The incremental external loading is applied proportionately 
using a unit reference load vector fF ref 
} and an incremental 
load parameter Ap so that: 
{AF} = Ap. IF ref 
) 
This method reduces the problem of solving the 
set of nonlinear equations 4.50 to the solving of a 
series of linear equations of the form: 
{AF 
iI= 
[K] 
i-i 
fA6} 
where i is the increment number. The stiffness matrix 
used in each linear calculation is that based on the 
column configuration at the beginning of the current 
increment, depending on displacement state {61 i-l' The 
incremental displacements {A6} i are. found by solving 
equations 4.52, which are then added. to the previous 
displacement state {6} i-1 to give the displacement at 
the new load level; 
(61i = {6}i_l + {A6)i 
This procedure is illustrated in Figure 4.8a. 
The pure incremental procedure, as described above, 
has a basic disadvantage in that equilibrium is generally 
not satisfied after each increment and so the solution 
will tend to diverge from the true deformation path. This 
gives no estimate of the accuracy of the solution. 
Correction to the true equilibrium path is achieved by 
performing equilibrium iterations after each increment 
step. 
4.8.2 Load incrementation with equilibrium iterations 
The solution of equations 4.52 may be corrected to 
the true equilibrium path by the use of Newton-Raphson 
4 . 51 
4.52 
4.53 
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equilibrium iterations. After each load step a series 
of iterative cycles are performed until the solution 
converges to the true path within a specified tolerance. 
The column stiffness matrix is now recalculated after 
each iteration, and the linear equilibrium equation 
can now be expressed as: 
{AF} 
i, j = 
[K]i, 
j_, 
{A6}i, 
j 
where j is the iteration number, {AF} are the current 
4.54 
out-of-balance forces and {A61 i'j are incremental 
deflections resulting from the iterative cycle. The out- 
of-balance forces are the difference between the currently 
applied external forces IF EXT 
11 and the current internal 
forces IF INT}ir] as calculated from the currently 
displaced configuration of the column, this can be expressed 
as: 
{AFI 
i, j = 
{F 
EXT 
}i- {F 
INT 
} 
i, j 
The improved solution of column deflections resulting 
from the equilibrium iterations of equations 4.54 are: 
4.55 
{6)i, j_l + 
(A61 
i, j 4.56 
These iteration cycles are performed after each load 
increment, as illustrated in'Figure 4.8b. 
4.8.3 Solution of equilibrium equations 
The finite element meth. od eventually reduces 
the column problem to the solutions of a large set of 
linear simultaneous equations which arq expressed in 
the matrix forms of equations 4.50,4.52 or 4.54. In 
the analysis these equations are solved using the 
Gaussian elimination method (79), whereby the terms 
of the overall stiffness matrix [K] are systematically 
eliminated until the matrix is left in upper triangular 
form. This upper triangular matrix may then be used 
both for solving the system of equations and for the 
calculation of the determinant of the stiffness matrix. 
The system of equations is solved by back substitution 
to give the deflection values, and the determinant is 
found by calculating the product of all leading diagonal 
terms of the upper triangular matrix. 
The resulting column deflections can be used in 
determining the stresses, strains and internal forces at 
the currently applied external load level. Methods of 
determining these quantities are discussed in the 
following section. 
4.9 Determination of Internal Stresses and Forces 
4.9.1 Internal stresses 
In order to calculate the internal stresses that 
occur at the nodes of an element, it is first necessary 
to determine the nodal strains. When in-plane behaviour 
is being considered, only two quantities are required to 
express the nodal strains; the axial strain and the 
flexural curvature. These strains are related to the 
nodal displacements by the el ement's strain-displacement 
relationship, which is part of the derivation of the 
element stiffness matrix (73). The axial strains are 
the first derivative of the axial displacement function 
while the curvature is the second derivative of the 
lateral displacement function. These strain-displacement 
functions may be expressed as: 
E: 2 
ý2 
1 
L 00 
-1 
L 00 
064 L2 L 
1 
L 00 
-1 
L 00 
-6 -2 6 -4 00 
or in the simplified notation of: 
{E} = 
I. N 
U1 
vi 
a1 
u2 
v2 
In equations 4.57 c and ý are the axial strain and 
flexural curvature relating to each node, L is the 
length of the element and u, v, 8 are the axial, 
lateral and rotational deflections, respectively. In 
the same equations expressed in the simplified form of 
equations 4.58 [B] is the strain-displacement matrix. 
Once the overall member deflections have. been 
calculated, as described in the previous section, the 
el. ement nodal displacements can be found. These are 
then substituted into equations 4.57 to give the 
internal nodal strains. The maximum and minimum cross- 
section strains occur at the extreme fibres of the 
4.57 
4.58 
section, these can be found for each node from the 
equations: 
6=F MAX 
and 
MIN 
where D is the overall depth of the section. 
These extreme fibre strains can then be used to 
calculate the maximum and minimum stresses occurring 
in the section. The stresses are found using the material 
stress-strain relationship: 
- 
a=j F-. E, if -F- y<E<E 
cy r 
if E: 
if 
11 
where ay and cy are the material's yield stress and 
strain, respectively. 
4.9.2 Internal forces 
The nodal end forces for each element can be 
found using the element stiffness matrix [K 
e] and the 
element nodal displacements [6 e} The internal'forces 
4.59 
4.60 
4.61 
{F 
INT} can 
be found by substitutingthe nodal displace- 
ments into the equations: 
{F 
INT 
1= [K e] {ä e}4.62 
where 
[K e] = [K 
e] 
_ P[Re] EG 
in which P is the current axial load level. 
4.10 Criteria of Column Failure 
The load incrementation, within the analytical 
procedure, is terminated when either the section 
becomes fully yielded or the determinant of the overall 
stiffness matrix becomes negative. These two conditions 
are assumed to indicate column failure.. A fully yielded 
section is assumed to exist when the combined effects of 
axial strain and flexural curvature at both of the sec- 
tion. 's extreme f ibres exceed the material yield- strain. 
This corresponds to the material fdil)ire mode and would 
be expected to occur for fairly stocky columns. 
A negative determinant of the stiffness matrix is 
an indication that the initial buckling load has been 
exceeded and the column is in a state of instability. 
This will occur as a result of the destabilising effect 
of axial loads, usually acting through geometric 
imperfections. However, material yield within ýhe 
column reduces the flexural rigidity EI of the section 
which also influences column stability. Instability, 
would be expected to occur due to-geometrical conditions 
for very slender columns, and a combination of both 
4.63 
geometrical and material conditions for more stocky 
columns. 
Thus failure criteria correspond to the column's 
maximum load carrying capacity which is applicable to 
an isolated column with increasing applied load. 
However, for a column within a frame or an isolated 
column which has applied increments of deflection the 
maximum load capacity is not a suitable criteria of 
failure. For these cases the full load-deflection 
curve would be required in which the load carrying 
capacity reduces with increased deflection. Little 
is known about the descending part of. the curve due 
to the numerical ill-conditioning that occurs in the 
analysis after the maximum load has been achieved. A 
routine to trace the full load-deflection curve is not 
included in the analysis, however, a numerical approach 
to the problem is discussed in the next chapter. 
CHAPTER 5 
Computer Program Development and Verification 
5.1 Program Layout'and Organisation 
5.1.1 General Program details and flow diagram 
A source program was written in FORTRAN IV to 
perform the analysis described in the previous chapter. 
This was developed using the ICL-1906S computer of 
the University of Sheffield. The core-image program 
requires 35K words of storage for a possible maximum 
of ten beam elements and to fully compile into binary 
form requires 30 seconds of central processing unit 
time. 
The program consists of 18 routines which perform 
the following tasks: 
1) Control the order of the analysis. 
2) Control the load increment step size. 
3) Read and print input data. 
4) Generate element stiffness matrices. 
5) Generate element geometrical stiffness matrices. 
6) Assemble the overall stiffness matrices. 
7) Apply rigid boundary conditions. 
8) Allow for connection stiffness. 
9) Impose initial out-of-straightness. 
10) Apply load at an initial eccentricity. 
11) Perform equilibrium iterations. 
12) Calculated nodal stresses and strains. 
13) Calculated internal forces. 
14) Impose initial residual stresses. 
15) Calculate section properties. 
16) Solve simultaneous equations and evaluate the 
determinant of the overall stiffness matrix. 
17) Program restart facility. 
18) Terminate program after column failure and 
print results. 
The restart facility is discussed in Section 5.2.1, 
while the theory of all other routines has been discussed 
in Chapter 4. A summary of the main features of the 
finite element column analysis program is given in 
Table 5.1. 
A flow diagram is shown in Figure 5.1. Initially, 
input data is both read and printed; this is used to 
calculate the initial residual stress distribution, to 
generate the geometrical stiffness matrix for unit axial 
load [9 
G] and to set up the 
initially curved shape of the 
column. After calculating the first load step the analy- 
sis enters the main incremental load stepping loop. The 
elastic stiffness matrix is calcu lated allowing for any 
reduced stiffness due to yield within the cross-section, 
TABLE 5.1 - Summary of Main Features of the End Restrained 
Column Analysis 
Traces full load-deflection behaviour up to maximum 
load level. 
2. Within the limitation of uniflexural behaviour can 
handle any cross-sectional shape. 
3. Allowance for spread of material yield. 
4. Permits any pattern of residual stresses to be 
assumed. 
5. Permits any initial out-of-straightness to be 
assumed. 
6. Any connection moment-rotation data that has 
previously been fitted by a B-spline function may 
be used. 
Input Data 
Initial Residual Stress 
[R 
G3 matrix Initial Imperfections 
First Load Step 
Assemble 
[K] = [KS] --P [R G, 
Boundary Conditions 
Semi-rigid end 
restraint modification 
Solve Equations 
Gaussian Elimination Method 
Calculate section properties 
Perform Newton-Raphson 
iteration to converge. 
to equilibrium path 
Calculate Final deflections 
Stresses and internal forces 
Print results 
Calculate next load increment 
. and add to total axial load 
-1 
'STOP at maximu 
load 
FIGURE 5.1 Column Analysis Flow Diagram 
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which is then added to the load corrected geometrical 
stiffness matkix toform the overall stiffness matrix. 
After the application of boundary conditions, including 
both fixed and semi-rigid end restraints the system of 
equilibrium equations issolved using the Gaussian 
elimination routine. These equations are assumed to be 
linear over the incremental load step and Newton-Raphson 
equilibrium iterations are performed until the external 
and internal forces balance to an accuracy of within one 
per cent. After convergence to this specified accuracy, 
total deflections, stresses and internal forces are 
calculated and printed. The next load increment is 
calculated at the end of each loop and this is added to 
the total column loads until the maximum load capacity 
has been exceeded. When this is achieved, due to either 
excessive yield or instability, the program is terminated 
and the overall load-deflection results are printed as 
well as the cause of failure. Details of the input and 
output method are expanded upon in the next sections. 
A full listing and user manual of the above program 
is given in reference 80. 
5.1.2 Input of data 
The George IV filestore-system on the ICL-1906S 
computer allows a very convenient data input system, as 
more than one input channel may be used by the pr, ogram. 
The developed program uses three channels of data for 
each job. These three different channels are used for 
the input of the following information into the analysis.: 
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Th, e ! Iene'ral'control data file contains general 
information relating to the whole column problem 
to be analysed. The finite element column model 
details are input, including the number of elements, 
number of nodes, nodal coordinates and the node 
numbering system. Boundary conditions are input 
specifying rigid supports and any laterally applied 
loading. Types of initial residual stress and 
initial out-of-straightness are declared as well 
as the column's slenderness ratio and load 
eccentricity. 
2) The section data file contains information relating 
to the type of member section being used. This 
contains a) the section's material properties, such 
as the elastic modulus E and the yield stress ay; 
and b) the shape properties of the section including 
the cross-sectional area, the moment of inertia and 
the section dimensions. 
3) The connection data file contains information related 
to the type of connection that provides the end 
restraint. The cubic B-spline function coefficients 
are contained in these files. 
The input of data using the three above files is 
particularly useful when runn ing a parametric study in 
which some of the main column parameters are being varied 
within a series of tests. This allows general control 
programs (macros) to be written to start a series of 
column tests whilst picking up different data file 
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combinations for individual tests. A parametric study 
of the behaviour of columns is given in the next 
chapter. 
5.1.3 Output of data 
The George IV filestore system also allows the 
use of more than one output channel from the program. 
The program uses three channels for the output of 
results and information from the analysis. These 
are used for the following tasks: 
The general lineprinter output file contains 
general information related to. the various steps 
of the analysis such as general deflection, 
internal stresses, internal forces, the determinant 
values, reduced flexural rigidities, connection 
stiffness values and out-of-balance forces 
calculated during equilibrium iterations. 
2) The load-deflection output file contains a list 
of the axially applied load and the central 
lateral deflection, at each increment level. This 
file may then be used directly for the graphical 
presentation of results. 
3) The restart output file is a direct access 
unformatted file containing all the important 
variables. of the program. Once all the current 
values of variables have been written to a restart 
file, the program may be restarted from that point 
at any time. A more detailed dis-cussion of the 
restart facility is given in the next section. 
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5.2 Some Computational Techniques 
5.2.1: Program'restart'ing routine 
The restart facility enables the program to be 
. stopp6d: at the end of any 
increment with all the 
important analysis variables stored in one unformatted 
direct access file. At any time later, the program may 
be restarted from the same point by reading all the 
variables from this unformatted file. This technique 
is very useful during program development, when consider- 
able computer time may be saved in the development of 
certain program features. For instance, at the point of 
first yield, a number of incremental steps are usually 
performed inthe elastic range of the material before yield 
occurs and it is very wasteful to run an analysis from 
zero to study the effects at first yield. So, initially 
the program is run up to the last fully elastic increment 
and then all relevant parameters are stored in an unfor- 
matted file before the program is terminated. Subsequent 
runs initially read in the data stored in this unformatted 
file and then continue the analysis from the point at 
which the first program was terminated. This has the 
advantage that if program errors occur at the anal- 
ysis event being developed, the program can be corrected 
and run again from that load level without having to run 
the whole analysis from the start of the load-deflection 
curve. 
The restart is performed by declaring all important 
variables within a large common statement; this also 
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reduces program storage when transferring variables 
between the main routines of the program. When the 
restart is required within the program the complete 
statement is made equivalent to one large one- 
dimensional array. The contents of this array are 
then simply written to a permanent unformatted file 
before the program is terminated. When the sub-- 
sequent program is started the contents of this file 
are read into the same large array and the equivalence 
statement reassigns all the analysis information back 
into the common statement. This then enables the 
analysis to continue until column failure or until 
another restart is required. 
5.2.2 Load incrementation 
Load increments-are applied in a simple two 
level system. More sophisticated automatic increment 
generation (81) routines were tested. However, 
these were found to be expensive on computer time as 
they required the solution of the system of equations. 
A discussion of this automatic increment method is 
given in Section 5.6. 
In the simple approach adopted a suitable load 
level is chosen and load increments are then made 
equal to a proportion of this load. This load level, 
P CR is made equal to squash 
load Py, or for a slender 
column whose Euler load PE is less than the squash load, 
P' is made equal to P This may be expressed as: CR E' 
r 
p CR 
I 
5.1 
p, if P<pE 
p E' 
if P>pE pE' if P>p 
Initially, a coarse increment size of 0.1 P CR 
is 
chosen and incrementation is allowed to continue until 
column failure. When failure is indicated the proce- 
dure steps back, through one increment, to the previous 
load level. The increment step size is then reduced 
to 0.01 P CR and the procedure 
is allowed to continue 
until the column fails. The maximum load capacity of 
the column is then found to be that load level existing 
before the final increment step was taken. This method 
should predict the point of maximum load capacity to 
an accuracy of less than one per cent. 
The step back technique is performed using a 
similar procedure to the information storage in the 
restart facility. After each load increment all 
important program variable values are written to an 
unformatted file; this may be retrieved when the step 
back is required. This method first finds a coarse 
approximation of the maximum load and then, using finer 
load increments, a more accurate solution is found. 
5.2.3 Column symmetry 
If the column to be analysed is perfectly 
symmetrical about its centre, only half of the column 
need be analysed because the r-esulting nodal deflections 
are also symmetrical about the centre point. The use 
of symmetry reduces the number of nodes and so reduces 
the number of simultaneous equilibrium equations 
required to solve the system. This considerably 
reduces the amount of computer time required for the 
complete analysis. However, this assumption may only 
be made if a) initial out-of-straightness is symmetrical, 
b) lateral loading is symmetrical, c) the column 
section is symmetrical and d) the end restraint con- 
ditions are identical. A comparison of the full column 
and symmetrical half column models are shown in 
Figure 5.2. 
5.3 Program Development 
The program performing the main analysis was 
developed in a systematic manner. The analysis was 
built up from a simple beam element model to the 
"real" column model described in Chapter 4. After 
each feature of the analysis was included tests were 
performed to check the validity of the program. 
Initially a program was written to perform a 
static analysis of a straight elastic beam. Lateral 
loads only were applied (i. e. no axial load) and the 
resulting deflections were calculated. These deflections' 
and the resulting internal stresses and forces were 
checked with values for the same member found from 
simple bending theory. Results were found to agree 
within an acceptable tolerance.. The next stage was to 
include axial loads and geometrical imperfections into 
(a) Full Column Model 
A 
(b) Symmetrical Half Column Model 
F 
6cent 
FIGURE 5.2 - The Use of Column Symmetry 
the program so that the destabilising effects of 
these loads could be studied. This enabled an elastic 
pin-jointed column to be analysed and the resulting 
load-deflection curve compared with the Timoshenko (82) 
approximate formula: 
0 5.2 
1 P/P E 
A comparison of the calculated and'theoretical curves 
is shown in Figure 5.3. The calculated curve can be 
seen to closely follow the theoretical curve with a 
maximum deviation of 4.6 per cent of the theoretical 
load value which is considered to be acceptable. 
The accuracy of the analysis is very dependent 
upon the number of beam elements used to model the 
column. The accuracy increases as the member is 
divided into an increasing number of smaller elements. 
However, as the number of member nodes increases so 
does the size of the system of equilibrium equations 
required to be solved. This increases the amount of 
computer time required, which becomes prohibitive 
beyond a certain number of nodes. Also, after the 
section has been divided into a certain number of 
elements, no significant increase in accuracy is 
achieved by dividing the member into still smalier 
elements. The number of elements into which the 
member must be divided to produce results of accept- 
able accuracy, within a reasonable amount of computer 
time, has to be optimised. To do this a series of 
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tests were performed on a pin jointed 203x2O3UC60 
column section with a slenderness ratio of 120. The 
column was first analysed with only two elements, then 
the number of elements were progressively increased 
through four, six, eight to finally ten elements. The 
resulting load-deflection curves are plotted in 
Figure 5.4 from which it can be seen that sufficiently 
accurate results are obtained with the column length 
divided into six elements. In all tests the column 
was assumed to be initially stress free, with perfectly 
pinned end connections. Therefore, in all subsequent 
work the column length will be divided into six 
elements. 
Elastic-plastic material behaviour and initial 
residual stresses were next incorporated into the 
analysis, followed by the introduction of semi-rigid 
end restraint. No theoretical methods are available 
to check the validity of these routines, however, the 
complete analytical procedure may be checked against 
available data of experimental semi-rigidly end 
restrained columns as will be discussed in the next 
section. 
5.4 Program Verification 
Before any column analysis series could be 
performed, it was necessary to verify the validity of 
the analytical procedure against experimental results. 
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The procedure was checked against the end-restrained 
column test reported by Bergquist (45), who experi- 
mentally measured connection moment-rotation curves 
and load-deflection curves for a WlOx29 column section 
with a slenderness ratio of 189.7. Two 1110x2l beams 
were attached to the column's minor-axis using web 
cleats fastened with A. 325 bolts. The B-spline fit 
of the experimentally obta ined connection characteristic 
used in the analysis is shown in Figure 5.5, whilst the 
computed load-deflection curve for the column assembly 
is compared with Bergquist's test results in Figure 5.6. 
In performing these calculations-the column was 
assumed to possess an initial deflected shape in the 
form of a half sinewave with a maximum central 
deflection of L/1000; this compares with a measured 
initial central deflection of L/1280 reported by 
Bergquist. Since no data relating to the initial 
residual stress pattern was reported the parabolic 
pattern proposed by Young (78) has been used; it is 
possible that this slightly underestimates the initial 
stress values typically found in North American W-series 
sections. 
From Figure 5.6 it can be seen that agreement 
between the two sets of results is generally quite 
good. -The calculated load-deflection curve slightly 
overestimates the actual stiffness, leading to a 
failure load some 8.6 per cent higher than that 
measured by Bergquist. The assumption made in the 
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analysis that the column is connected to beams of 
infinite stiffness, whereas the experimental column 
is connected to beams of finite stiffness, contributes 
to this overestimate in actual column stiffness. 
In order to test the sensitivity of the results 
to variations in the moment-rotation data used, a 
second analysis was performed using the modified 
moment-rotation curve shown in Figure 5.5. This 
modified data assumes a ten per cent overestimate of 
all rotational measurements. Although the use of 
this more flexible moment-rotation data moves the 
column load-deflection curve nearer to the experi- 
mental results, the magnitude of the change is 
sufficiently small to suggest that the analysis is 
not unduly sensitive to the exact form of the moment- 
rotation data used. Bearing. in mind the difficulty 
of precisely duplicating the experiment arrangements, 
e. g. uncertainties associated with such factors as 
cross-sectional dimensions and properties, methods of 
measuring connection stiffness, values of residual 
stress, etc., it is considered that the accuracy of 
the analysis is quite acceptable. 
5.5 Main Features of the Developed Computer Program 
The main features of the developed finite 
element computer_program in its completed form may 
be summarised as below: 
1. The program uses one-dimensional beam elements 
to model an axially loaded structural column. 
2. The analysis traces the full load-deflection 
behaviour of the column up to the maximum load. 
3. Within the limitation of uniaxial flexural 
behaviour the program can handle any cross- 
sectional shape. 
4. An elastic-perfectly plastic stress-strain 
characteristic is assumed for the column 
material and an accurate allowance for the 
spread of yield through the section is made. 
5. The program allows any pattern of residual 
stress to be assumed. 
. 
6. Any initial out-of-straightness may be assumed. 
7. The moment-rotation characteristic for any 
connection data that has previously been fitted 
by a B-spline function may be used. 
5.6 Full Load-Deflection Behaviour 
The load-deflection approach to the analysis 
attempts to trace the full loýd-deflection curve of 
the column including the post-maximum descending part 
of the curve. Little information is available for 
the full load-deflection behayiour of members both 
with and without s6mi-rigid end restraint. This 
information is only of academic interest for the 
isolated column case. However, in the frame context 
the full load-deflection behaviour of a component 
column is important because, after the column has 
reached its maximum load, it will start to unload. 
The amount by which the column unloads is important 
because its load will be redistributed to other 
columns within the frame. 
.. During the development of the column analysis 
program, as described in previous sections, two methods 
of tracing the full load-def lection path were investi- 
gated. Both of these methods developed'ill-conditioning 
of the system of equilibrium equations after the maximum 
load had. been obtained. The post-maximum descending 
part of the curve is highly nonlinear due to negative 
member stiffness and so it is very difficult to follow 
mathematically. At the maximum load the increment 
stiffness matrix is singular, this is the normal 
instability condition at which member deflections 
increase without any change in applied loading. Also, 
in the vicinity of this maximum load value the load- 
deflection curve is relatively 'flat' which causes 
ill-conditioning due to computational numerical 
instabilities of solutions in this region. For these 
reasons the developed computer program is presently 
restricted to tracing the load-deflection behaviour up 
to and including the maximum ioad level. 
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The first method which attempted to follow the 
full curve and avoid the problems associated with 
stiffness matrix singularities involved changing 
from load increments to deflection increments at the 
maximum load level. An incremental value is given to 
a single deflection component and the corresponding 
force reaction is evaluated along with the other 
deflection components. This method requires complex 
manipulation df the system of incremental equilibrium 
equations and ill-conditioning often still occurred. 
The matrix manipulation is made even more complicated 
when the force reaction does not correspond to the 
deflection component being incremented, for example 
if the lateral deflection component is being incremen- 
ted and the resulting axial force reaction has to be 
evaluated. 
The second method uses a variable load increment 
which becomes negative after the maximum load capacity 
has been determined. These load increments can be 
calculated using the automaýic load increment genera- 
tion equation proposed by Bergan and Soreide (81) and 
may be expressed as: 
AP 1= AP 1-1 1. I. -T 
I 
Lf i-1. AP i-i -II A6 
i-1 II 
5.3 
in which AP 
i 
and AP 
i-l 
are the calculated load 
increment and the previous load increment, respectively. 
T is an estimate of the truncation error between the 
end of the linear load increment and the true equili- 
brium. path, f 
i-l is the inverse of the gradient of 
- 131 - 
the load-deflection curve at the previous load level 
and IIA6'-lll is some norm of the deflections during 
the previous increment. At low load levels equation 
5.3 produces large increment steps, but these are 
gradually reduced as the maximum load level is 
approached due to the reduced gradient of the load 
deflection curve. The load increment will become 
negative as the curve passes through its maximum 
value. The method, again, is subject to numerical 
ill-conditioning in the region of the maximum load 
level. Lack of convergence of equilibrium iterations 
also occurs on the post-maximum part of the load- 
deflection curve. 
CHAPTER 6 
A Parametric Study of the Behaviour of 
Columns with Semi-Rigid End Restraint 
6.1 Introduction 
In order to investigate those parameters 
which can be expected to have most effect on the 
behaviour of columns with semi-rigid end restraint 
it is necessary to carry out a parametric study. 
This is useful to the designer in that it provides 
information which will help the understanding of the 
column behaviour subject to a range of different con- 
ditions. It also identifies those parameters which 
have the greatest influence on the behaviour of the 
column. However, when comparisons are made to ddsign 
curves it must be remembered that in all cases the 
beams to which the semi-rigid connections are made 
are assumed to have infinite stiffness. 
For the parametric study to be of greatest 
value it must be performed in a systematic manner. 
The most convenient approach is to start with the 
analysis of a basic problem, which is here chosen 
so that it represents typical practical conditions 
and dimensions. The investigation of the variation 
of chosen parameters may then be performed and com- 
parison can be made with the basic problem, which 
serves as a datum for the whole parametric study. 
Therefore when a chosen parameter is being varied 
in a series of tests all other parameters are 
given the values they have in the basic problem. 
6.2 The Basic Problem 
6.2.1 Description of the basic problem 
The basic problem chosen as a datum for the 
parametric st udy is a rolled universal column section 
with top and seat flange cleats. The column section 
is a medium range British rolled section, of serial 
size 203x2O3UC60, which is assumed to bend about its 
major axis. It is assumed to have an initial residual 
stress state corresponding to the parabolic. stress 
pattern as described in Section 4.7.3. The column 
is made of mild steel with a yield stress of 240 N/mm2 
and an elastic modulus of 205 kN/mm2. Semi-rigid end 
restraint is provided by top and seat flange cleats 
at both ends of the column, the connections being 
made from 152xl52xl2.6 angles with a length of 125 mm 
and connected to the column flanges by 20 mm rivets. 
The moment-rotation data for this connection was 
reported by Batho and Rowan (8) and a cubic B-spline 
curve fit to this data is shown in Figure 6.1. 
Load is applied axially to the column, assuming 
no eccentricity of loading in the basic problem. 
Initial out-of-straightness is assumed in the form of 
a half sine-wave with a maximum central deflection of 
L/1000. The axial load is applied incrementally, as 
described in Section 5.2.2, so that the load-deflection 
curve is traced. 
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FIGURE 6.1 - Moment-Rotation Curve of Top Seat Flange 
Cleated Connection (Basic Problem) 
In the basic problem the column analysis is 
performed over a full range of column slendernesses 
so that results are presented in-the form of a 
"column curve", that is a plot of maximum load 
versus slenderness ratio. The range of slender- 
nesses used extends from 20, for which the full 
squash load may be expected, to 240 at which failure 
occurs essentially by elastic buckling. The analysis 
is performed at 12 different slendernesses in this 
range, at intervals of 20. Load-deflection behaviour 
is calculated at each column slenderness ratio, 
however, load-deflection curves need only be presented 
at three typical slenderness values; 40 to illustrate 
behaviour in the stocky range, at a medium slenderness 
of 120 and for the very slender column where the value 
is 240. 
6.2.2 Results of the basic problem analysis 
The resulting column curve from the basic 
problem is shown in Figure 6.2; this gives a plot of 
the maximum load capacity of"the column over the full 
slenderness range. The column curve is compared with 
the European Strut Curve 'b' (83) from which it can 
be seen that the effects of the top and seat flange 
cleated connection is to considerably increase the 
column's maximum load capacity above the value that 
it would normally be designed. to carry. A plot of 
the load difference (between the European Strut 
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curve and the calculated basic problem curve) against 
slenderness ratio is shown in Figure 6.3. This shows 
how the semi-rigid connection influences column 
strength over the full slenderness range. For low 
slendernesses the effect of the end restraint is 
small, with failure occurring due to the full squash 
load being reached or due to excessive material 
yield in the section. As slenderness increases the 
influence of the stiffening effect of the connection 
becomes more important as column stability becomes 
more critical. A maximum increase in load capacity of 
48 per cent of Py is observed at a sl enderness ratio 
of 140; this increase in load capacity is slightly 
reduced for higher slenderness ratios. From this it 
can be seen that semi-rigid end restraint has a 
significant iiifluence on load capacity for slendernesses 
greater than 40. 
Typical load-deflection curves are shown in 
Figure 6.4, which include the curve of the equivalent 
ideally pinned elastic column (dotted) for comparison. 
Figure 6.4a shows the behaviour of a stocky column with 
a slenderness df 40, in which the load capacity is not 
increased significantly, but the end restraint does 
reduce member deflections. Figures 6.4b and 6.4c 
show the load-deflection curves for columns with 
slenderness ratios of 120 and 240, respectively; both 
illustrate the reduction in deflections at particular 
load levels as well as the increase in maximum load 
capacity. 
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The results of the basic problem show that 
semi-rigid end restraint increases the column stiffness, 
which reduces deflections for all slendernesses and 
increases column strength where failure is normally due 
to instability. 
6.3 Description of the Parametric Stud 
In the rest of this chapter -the results of the 
parametric study are presented; these are discussed 
briefly but a more general discussion is given in the 
following chapter. The parameters chosen for study, 
and their range of variation, are shown in Table-6.1. 
These parameters are arranged into three main categories. 
The first investigates the-j--nfluence of the type and 
size of end restraint on the behaviour of the column. 
Secondly, variations in the type of column section 
are investigated, this includes the effects of section 
type, size, whether bending is about the major or 
minor axis and the type of initial residual stresses. 
The third category deals with geometrical considerations 
in which the effects of initial out-of-straightness 
and eccentricity of applied load are investigated. 
The finite element model and the material 
properties, an elastic modulus of 205 kN/mm 2 and a 
yield stress of 240 N/MM2 , are the same as those used 
in the basic problem. 
Normally, only one parameter is varied at a 
time and results are compared with those of the basic 
problem. However, in some cases I extra results are 
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TABLE 6.1 - Parameter Variations of Parametric Study 
Parameter_. Type Basic Problem Value Variations 
Characteristics of 
End Restraint 
Connection type Top and seat - Ideally pinned 
flange cleats - Single web cleat 
- Double web cleats 
- End plate 
- T-stubs 
Connection size Medium angles - Light angles 
- Heavy angles 
Characteristics of 
Column Section 
Section type Universal column Universal beam 
Bending axis Major Minor 
Section size 203x2O3UC60 - Light: 152X152UC23 
- Heavy: 305x3O5UC158 
Residual stress 
pattern Parabolic - -Initially stress free 
- Lehigh distribution 
- Welding stresses 
Characteristis of 
Geometrical 
Considerations 
Initial out-of- 
straightness 60 L/1000 - 60 = L/250 
- 60 = L/500 
- 60 = L/2000 
- 60 = L/5000 
Eccentricity e0 -e 10 mm' 
-e= 25 mm 
-e= 50 mm 
-e= 100 mm 
presented when, for example, it is useful to compare 
results for pinned connections or to investigate 
the effects of connection type in minor bending for 
beam sections. 
6.4 Characteristics of End Restraint 
6.4.1 Effects of connection type 
In order to investigate the influence of end 
connection type on the strength and behaviour of the 
column, a series of tests were performed using, in 
addition to the flange cleated connection of the 
basic problem, three other connection-types. These 
connection types were chosen to give the full range 
of connection stiffnesses. A T-stub connection, 
made from a split 38lxl52UC67 section of length 
200 mm and connected by 22 mm rivets, represents 
the most rigid type of connection. The flange 
cleated connection of the basic problem represents 
a medium range semi-rigid connection, while a double 
web cleated connection, made from two 152x89xl2.6 
angles with 22. mm rivets, represents a flexible 
connection. An ideally pinned connection is also 
included, for the purpose of comparison. The moment- 
rotation curves for these three connections are shown 
in Figure 6.5, the horizontal axis again representing 
the pinned end condition. This data was reported by 
Batho and Rowan (8) who measured connection data 
experimentally, using the same column section as 
used in the analysis. 
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FIGURE 6.5 - Moment-Rotation Curves for Main Connection Types 
Typical load-deflection curves at slenderness 
ratios of 40,120 and 240 are shown in Figures 
6.6-a - c, respectively. In all cases the increase in 
connection stiffness produces a corresponding reduction 
in column deformation. This is accompanied by an 
increase in load carrying capacity, except in those 
cases where the column is so stocky that it can attain 
its full squash load, even when pin-ended. The 
benefits of increased end restraint become more signi- 
ficant as the column becomes more slender; the 
increases in strength, over the pinned column, at a 
slenderness of 140 are 26,43 and 47 per cent of P y 
for the web cleated, flange cleated and T-stub 
connections, respectively. 
Column curves giving the complete set of results, 
Figure 6.7, show that load carrying capacity increases 
with more rigid connection stiffness. This increase in 
strength. becomes most significant when the column 
slenderness exceeds 80. Also, the amount by which the 
column curve is raised depends on the connection 
stiffness. 
The amount of actual connection data that is 
compatible with the above test series is restricted. 
In order to investigate the effects of other types of 
connection, moment-rotation curves have been genera'ted 
using the standardised moment-rotation equations of 
Frye and Morris (69). In addition to the three 
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connection types mentioned above, single web cleat 
and end plate connection data was also generated. 
The resulting moment-rotation curves for the five 
connection types are shown in Figure 6.8, showing 
the relative stiffness of each connection type. 
This generated moment-rotation data was used 
in an additional test series to investigate the 
influence of connection type on column behaviour. 
Typical load-deflection curves are show'n in Figures 
6.9a -c and the full column curves are shown in 
Figure 6.10. These results, again, show that increases 
in connection rigidity produce corresponding reductions 
in column deformation and that load carrying capacities 
are increased, except in the case of the full squash 
load being attained. Although the tests using genera- 
ted connection data produce similar results to the 
. tests using actual connection 
data, care must be taken 
when using generated connection data. Comparisons of 
actual connection data and data generated by the 
Frye and Morris equations, using parameter sizes 
corresponding to the actual connection dimensions, 
were given in Section 3.3.2. For the web cleated 
and T-stub connections the agreement between the 
actual and generated curves is reasonably close, but 
for the flange cleated connection the moment values 
generated are almost half of the actual moment values. 
This of course, grossly underestimates the connection 
stiffness used in the analysis. The standardised 
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m0ment-rotation equation for the flange cleated 
connection is clearly in error, and should be updated 
before being used in analytical procedures. 
6.4.2 Effect of connection size 
In addition to an investigation into the effects 
of connection type, an investigation of variations in 
connection size was performed. The flange cleated 
connection dimensions of the basic problem were varied 
to have heavier and lighter connecting angles. The 
connection used for the basic problem is medium sized 
with 152xl52xl2.6 angles. In this study, a heavier 
connection using 152xl52x25.3 angles'and a lighter 
connection using 102xlO2xl2.6 angles were also 
considered for comparison. The moment-rotation curves 
of the three connections are shown in Figure 6.11. 
As would be expected, an increase in component 
dimensions produces stiffer connections. 
A series of tests were performed using this 
connection data with the column section used in the 
basic. problem tests. Typical load-deflection curves, 
Figures 6.12a - c, show that the increased connection 
stiffness due. to increased connecting angle size 
produces a corresponding reduction in column deformation. 
This, again, is accompanied by an increase in load 
carrying capacity for all but the most stocky columns. 
Column curves of the complete. set of results, Figure 
6.13, show that connection dimensions do have a 
significant effect in increasing load garrying capacity- 
as connection size is increased. The effect of the 
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connection size becomes most significant for columns 
with a slenderness greater than 120. For example, at 
a slenderness of 160 the heavier angles increase the 
column strength by three per cent of Py, while the 
light angles decrease the column strength by 6.5 
per cent of P compared to the value of the basic y- 
problem. 
In addition to varying the dimensions of flange 
cleated connections, the influence of connection size 
of a more flexible (web cleated) connection and a 
more rigid (bolted flange cleated)-connection were 
also investigated. 
The double web cleated connection, used in 
Section 6.4.1, is compared with heavier and lighter 
angled connections in Figure 6.14. The heavier 
connection is made of 152x89xl5.7 angles while the 
lighter connection is made of 152x89x9'. 4 angles. 
The resulting column. curves for the flexible 
connection tests are shown in Figure 6.15. From 
these it can be seen that variation of a flexible 
connection's dimensions has little effect on the 
streng. th of the column. 
To investigate the effects of varying the 
size of a more rigid type of connection a series of 
bolted flange cleated connections were used. Moment- 
rotation curves for heavy, medium and light connection 
usýng 152xl52xl9.0,152xl52xl2.6 and 152xl52x9.4 angles, 
respectively, are shown in Figure 6.16. - This connection' 
type was used due to a lack of compatible data for T-stub 
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and end plate connections. The resulting column 
curves for the more rigid connection tests are shown 
in Figure 6.17. For this more rigid connection 
type, conne('-, tion dimensions have the most significant 
effect on'column strength. The effect of the connec- 
tion stiffness becomes important for all slendernesses 
greater than 100. 
From the above three test series, of different 
connection types with varying connection dimensions, 
it can be seen that the influence of connection size 
becomes more significant as the general connection 
type stiffness increases. 
6.5 Characteristics of the Column Section 
6.5.1 Effect of section type 
The effect of section type was investigated by 
considering the behaviour of a universal beam section, 
in addition to the universal column section used in 
the basic problem. A 305xl27UB48 section with a 
major axis moment of inertia. of 81.37 X 106 Mm4 was 
used for comparison with the 203x2O3UC60 used in the 
basic problem, which has a major axis moment of 
inertia of 53.83 x 10 6 mm 4. The universal beam 
section has a narrow flange shape while the universal 
column section is fairly square, the major axis 
moment of inertia is 18.6 times larger than the minor 
axis moment of inertia for the universal beam while 
týe corresponding value for the universal column is 
only 2.6. Although the dimensions of the two 
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FIGURE 6.17 - Column Curves for Varied Dimension Bolted Flange Cleated Connections 
sections are different, the same connection moment- 
rotation characteristics were applied. 
Figure 6.18 shows a comparison of beam and 
column maximum load capacities over the full 
slenderness range; these are plotted using non- 
dimensional axes -so that a direct comparison may be 
made. Up to a slenderness of 140, the two curves are 
exactly the same. For higher slendernesses the 
column section becomes slightly stronger, with an 
almost constant increase in strength of three per cent 
of P Y* 
This is due to the connection being relatively 
more flexible to the stiffer beam section. Despite 
this difference in load capacity in the higher slender- 
ness range, the effect of different section. types is 
not a significant factor. 
Column curves for the same beam cross-section 
with the main connection types (web cleats, flange 
cleats and T-stubs) were-produced and these are 
compared with the equivalent curves for the column 
section (previously shown in-Figure 6.7) in Figure 
6.19. From this, it can be seen, that agreement is 
close for beam and column cross-sections, --with the 
same end restraint conditionsý These curves provide 
further evidence that the type of column section is 
not an important factor determining- the shapes of 
column curve produced. 
At this point it should be remembered that the 
analysis, which produced the above column curves, 
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considers only the in-plane behaviour of the member. 
The differences in the ratios of section major and 
minor bending stiffness suggest that section type 
would have a more important effect if three-dimensional 
behaviour was considered. 
6.5.2 Effect of section bending axis 
To examine the influence of the bending axis 
of the section on the behaviour of the column, the 
203x203UC60 column was also analysed in minor axis 
bending. This effect is important as, in practice, 
members are often critical for bending in the plane 
of their minor axis. The end restraint characteristics 
for the flan ge cleated connection used in the basic 
problem were assumed. The same end connection 
arrangement is not physically possible due to the 
different orientation of the column flanges, however, 
the same end restraint behaviour is assumed for the 
purpose of comparison. 
The results of the minor axis column case are 
compared with the major axis case in Figure 6.20.. 
These results are plotted as non-dimensional maximum 
load capacity versus slenderness in the respective 
plane of bending, to enable direct comparison. For 
all slendernesses greater than 80 the minor axis 
column is relatively stronger, with the most significant 
strength differences occurring in the slenderness 
range between 80 and 140. -This corresponds to the 
7/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
0) 
c 
// 
_0 (1) 
CIO 
M 
4/, 
1/ 
CD 
00 
C3 
/ 
/ 
/ 
I 
CD Co 
Ir- 
ä 
XDW 
/ 
(I) 
I 
/ 
I 
I 
I 
I 
I 
I 
I 
CD 
_C: 
CD 
c. 'J 
(f) 
rý (U < 
('ý- rI ul 
0 
00 
0 
ra 
(1) (a 
$4 
0 
-r, 
C7) m 
// L. U 
$4 
0 
44 
U) 
0x> 
< $4 0 
ý3 -, i 0- 
U 41 
. 0e 
00 
L- c: 
CD F:; 
0 
LLJ co -- j rf 0 0 rl) 
u 
ro 
44 Q) 
0 4-) 
r- (1) 
0 r-i 
ul r-) 
. r-i 
C) 5-4 (1) 
It 
(13 
04 
0 
U FZ4 
1 
CD 
(C) cl-i ýD cý 
c; CD 
rm4 
/ 
transition range of failure due to material yield 
and failure due to elastic instability. The greatest 
difference between the two column curves occurs at 
a slenderness of 120, where the minor axis column 
is 18.4 per cent of Py stronger than the equivalent 
major axis column. For slenderness ratios greater 
than 140 the two column curves converge to each 
other. The column's minor axis moment of inertia 
is 20.41 X 106 MM4 which is 2.6 times less than that 
of the major axis. This means that the end restraint 
conditions are relatively stiffer in the minor axis 
case when the same actual connection characteristic 
is used. This effect produces the stronger minor 
axis column curve. 
Column curves for the minor axis column with 
end restraint provided by the four main connection 
types are shown in Figure 6.21. From these curves, 
it can be seen, that the presence of end restraint is 
important, however, the stiffness of the connection 
has a reduced influence on the column strength. The. 
three column curves using the main connection types 
are nearer in value for the minor axis case than 
for the major axis case, - of Figure 6.7, due to the 
relative increase in connection stiffness. This fact 
is more evident from the mi nor axis universal beam 
section column curves, Figure 6.22, using the same 
connection characteristics. Here, both the rigid and 
flexible connections have a similar effect on member 
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behaviour and end restraint stiffness has reduced 
importance. This is a result of the minor axis 
beam stiffness being 18.6 times less than the major 
axis beam stiffness, producing relatively rigid 
connection characteristics from all connection 
types. 
6.5.3 Effect of section size 
To investigate the effect of the column section 
size, heavy and light universal column sections were 
compared with the medium column section used in the 
basic problem. A heavy section, of serial size 
305x3O5UC158 with a moment of inertia of 357.66 x 
106 MM4 , and a light s ection, of serial size 
152xl52UC23 ýdth a moment of inertia 11.04 x 10 6 mm 4 
were both assumed to have the same flange cleated 
connection characteristic as that used in the basic 
problem. Therefore, the ratio of the bending stiffnesses 
of the three sections is 6.641: 1: 0.211. 
Typical load-deflection curves are shown in 
Figure 6.23a - c, which are plotted non-dimensionally 
so that comparison may be-made. In all cases, the 
relative column deformation is reduced for the lighter 
sections and for the slender columns the lighter 
sections carry a relatively higher load. The full 
set of results in the form of column curves is 
illustrated in Figure 6.24, which shows that the 
s(ými-rigid end restraint has a more significant effect 
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as the section size reduces. Figure 6.24 also shows 
that lighter sections have greater relative load 
capacities over the full slenderness range. 
The column section becomes relatively stronger 
as the section size reduces due to the relative 
increase in connection stiffness. The same connection 
characteristic is used for all three section sizes, 
however, resulting connection stiffnesses will be a 
greater proportion of the member stiffness for 
lighter sections than for heavier sections. This 
increases the relative stiffness of the lighter 
section's connection as compared with the connections 
of the heavier sections. 
6.5.4 Effect of residual stress 
Three different residual stress patterns were 
examined in addition to the parabolic pattern assumed 
in the basic problem. As an alternative for rolled 
sections the triangular initial stress pattern 
proposed by Lehigh University was used. Also used were 
the initial stresses resulting from welding during 
the fabrication of made up plate component sections. 
A discussion of the inclusion of these stress patterns 
is given in Section 4.7.3. In addition to the three 
realistic residual stress patterns, the ideal initially 
stress free condition was also assumed for the purpose 
of comparison. 
The resulting column curves for the tests 
using flange cleated connection characteristics are 
shown in Figure 6.25. These results show that 
residual stresses influence column strength in the 
range of slendernesses from 80 to 200, outside this 
range the type of residual stress pattern has little 
effect. The greatest effect of the initial stress 
pattern occurs in the slenderness-range from 120 to 
160, where the colum. n strength is reduced by at 
least five per cent of P for the parabolic stress y 
pattern as compared to the initially stress free 
condition. 
The influence of the type of residual stress 
pattern is more significant when the more flexible 
web cleated connection is used in the test instead 
of the more rigid flange cleated connection. 
Resulting column curves for the column with web 
cleated connections are shown in Figure 6.26, from 
which it can be seen-that differing residual stress 
patterns have virtually no effect on column strength 
at low and high slenderness ratios. However, for low 
slenderness values the residual stress type does 
affect the load at which first yield within the sec- 
tion occurs. In this low slenderness range failure 
will occur when the section reaches its full squash 
load, while failure occurs due to elastic instability 
at high slenderness values. The greatest effect of 
the residual stress type occurs in the slenderness 
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range from 60 to 160. The parabolic stress distri- 
bution has the most significant strength reducing 
effect, with a maximum reduction of twelve per cent 
of P at a slenderness of 120. The effect of the y 
Lehigh stress distribution is slightly less over the 
full range, while the welded stress distribution has 
a significantly smaller influence on column strength. 
Typical load-deflection curves for the column 
tests with web cleated connections and the different 
initial stress patterns are shown in Figures 6.27a - c. 
At low slenderness values the residual stress type 
does not affect load capacity, however'the column 
deflections increase with increased initial stress 
influence, as illustrated in Figure 6.27a for the 
slenderness value of 40. Load-deflection curves at 
a slenderness of 120 are shown in Figure 6.27b, 
which illustrates the strength reducing and deflec- 
tion increasing effects of the different types of 
residual stress. The residual stress type has no 
effect on column deflections until the load level 
exceeds 0.5P y. 
For all tested slenderness values 
greater than 160 the load-deflection curves, for the 
different residual stress typqs, follow the same 
path, which is illustrated for a slenderness of 240 
in Figure 2.27c. 
Additional tests assuming ideal pinned connections 
and the four different residual stress patterns were 
also performed, the resulting column cuýves are shown 
in Figure 6.28. For the pinned column tests the 
177 
1.0 
a. 
0.8 
0.6 
0.4 
0.2 
0.0 0.0 0.2 0.4 0.6 0.8 1.0 1.2 I. L 
81% 
OA 
2: 0.8 
0.7 
0.6 
0.5 
0.4 
0.3 
0.2 
0.1 
0.0 
40 
120 
Free 
S! 6. 
(c) X= 240 
FIGURE 6.27 -. Typical Load-Deflection Curve for different 
Residual Stress Patterns with Web. Cleated 
Connections 
CD 
ro 
Q) 
e< P4 
ro 
F-i 
C) 
C) 
4J 
U) 
J: ý 
ý4 
0) 
4J 
4J 
m 
C) 
P4 
LD U) 
U) 
a) 
1,4 
4J 
U) 
r-i 
ra 
. 14 
U) 
4-J 
44 
LI-4 
.i 
ro 
$4 
0 
co tj 1 
> in ý4 S:: 
0 
4-) 
00 
U rl) 
CD Co 
c5 
xow a 
(0 
C5 
(N 
d 
Q 
1 
00 
residual stress pattern has the greatest influence 
in the lower slenderness range from 40 to 120, while 
the influence is small for all higher slenderness 
values. 
It can be seen from Figures 6.25,6.26 and 
6.28, that the influence. of residual. stress type 
increases with slenderness as connection stiffness 
increases. The strength reducing influence of residual 
stresses has a more significant effect on the higher 
column slenderness values as the connection stiffness 
increases. -This is due to the increased importance 
of material yield, along with the reduced significance 
of geometrical instability, as the end restraint 
stiffness is increased. 
6.6 Characteristics of Geometrical Considerations 
6.6.1 Effect of initial out-of-straiqhtness 
To investigate the effect of the initial out-of- 
straightness on the column strength, a series of tests 
were performed using different values of initial central 
deflection. In all cases the shape of the initial 
deflections were assumed to be that of a half sine-wave, 
with only the size of the initial deflections changing. 
In addition to the basic problem initial central 
deflection of L/1000, four other initial values were 
chosen to be L/5000, L/2000, L/500 and L/250. This 
range of initial values gives an even spread of initial 
out-of-straightness from almost straight (L/5000) to 
the large imperfection state (L/250). 
The results of this series of tests are given 
in the form of column curves in Figure 6.29. As would 
, be expected, the increase in magnitude of initial out- 
of-straightness reduces the load carrying capacity of 
the column. Figure 6.29 shows that differing initial 
deflections produce parallel column curves, the height 
of which depends on the size of the initial deflections. 
The semi-rigid flange cleated connection is used in all 
tests, which produces column strengths in excess of the 
European Strut Curve value in all cases. 
Typical load-deflection curves are given in 
Figure 6.30a - c, in which central deflections are 
non-dimensionalised with respect to the initial 
central deflection of the basic problem (L/1000). 
These load-deflection curves show that for all load 
levels the column deflections increase as the 
inital deflections increase. This would be expected, 
due to the reduced geometrical column stiffness caused 
by axial loads acting through increased lateral deflec- 
tions off the column centre-line. 
6.6.2 Effect of load eccentricity 
To investigate the effects of eccentric load on 
the strength and behaviour of the column, a series of 
tests were performed with differing values of the end 
eccentricity of the axial load. In the basic-problem 
the ideal case of zero eccentricity was assumed. 
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Additional tests were performed on the flange cleated 
column with eccentricities equal to 10,25,50 and 
100 mm. 
The resulting column curves, presented in 
Figure 6.31, show that increasing eccentricity 
decreases the load carrying capacity of the column over 
the full slenderness range. The maximum eccentricity 
assumed reduces the load capacity of the column below 
the European Strut Curve values in the range of 
slendernesses from 50 to 105, for the flange cleated 
end connections. All other test eccentricities produce 
column strengths that satisfy the European Strut Curve 
with this end condition, it could be interpolated from 
Figure 6.31 that with an eccentricity of 79 mm the 
resulting column curve would just satisfy the European 
Strut Curve criteria on column strength. 
Typical load-deflection curves are given in 
Figures 6.32a - c, which show that increased eccentri- 
city of load reduces overall column stiffness due to 
the presence of increased end moment. It can also be 
seen that for any load level the resulting column 
deflections are increased with increased load 
eccentricity. Results also show that an increased 
eccentricity significantly reduces the column stability, 
with the instability criteria of failure occurring at 
lower slenderness values as the eccentricity increases. 
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A notable feature, of the computer analysis of 
low slenderness columns with large end eccentricity 
values,. is.. that excessive computer time was required 
for the solution. These extended job times are due 
to yield in the section caused by the large moments 
that exist in the section which require large numbers 
of equilibrium iterations to balance the internal 
and external member forces. 
QHAPTER 
General Discussion and Design Considerations 
7.1 General Discussion of Parametric Study Results 
A general trend that emerges from the results 
of the parametric study is the stiffening effect of 
different types of connection. In all cases an 
increase in restraint stiffness produces a corres- 
ponding reduction in column deflections at any given 
load level. This is accompanied by an increase in 
load carrying capacity, except in those cases where 
the column is so stocky that even when pin-ended it 
can attain its full squash load. Increased load 
capacity is developed due to the process of stiffen- 
ing, resulting from the increased connection stiffness 
which increases the end restraint. This in turn 
reduces lateral deflections and so reduces the 
section's bending strains and stresses. These reduced 
section stresses delay the start of yield and allow 
the column to carry increased applied loads before the 
occurrence of failure, and so the column strength is 
increased. 
Generally, the benefits of increased end restraint 
become more significant as the column becomes more 
slender. It was shown in Section 6.2.2 that the end 
restraint has the greatest effect in the range of 
slendernesses from 80 to 160. In all cases investigated 
the reduction in column deflections are illustrated by. 
the typical load-deflection curves, while the increase 
in column strength over the whole slenderness range is 
summarised in the calculated column curves. 
Variations in column stiffness have been 
shown to be due to different types of connection or 
different connection dimensions. Compared to the flange 
cleated connections used in the basic problem, the web 
cleated connections are less effective, whilst the end 
plate and T-stub connections produce stiffer column 
behaviour. The individual component dimensions of the 
connection, such as the connecting angle sizes, also 
influence the column behaviour. Connecting angle sizes 
influence the stiffness of the connection; this influence 
being important for the more rigid connection types than 
for the flexible web cleated connection types. 
For any given connection, variation of the column 
section type, size and bending axis affects the relative 
stiffness of that connection. For example, a relatively 
smaller column section would have relatively stiffer 
connections when results are considered non-dimensionally. 
The initial residual stresses present in the column 
have an appreciable effect on column strength at low 
slendernesses, while their effect is very small for 
very slender columns. The different types of residual 
stress pattern considered her-ein do not signifi. cantly 
affect column strength. 
The effects of initial out-of-straightness and 
eccentricity of loading were considered in an investi- 
ga. tion of geometrical imperfections in the parametric 
study. The presence of the increased end restraint 
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provided by the flange cleated connections, as 
compared to what would be expected for pin-ended 
cases, reduced the influence of these geometrical 
imperfections significantly. Variations of these 
imperfections result in fairly predictable changes 
in the behaviour of columns; increased out-of- 
straightness and increased eccentricity of load 
both reduce load carrying capacity. 
7.2 The Effective Length of Columns 
The concept of an effective column length is 
widely used in design as a method of allowing for 
different types of end conditions, therefore it is 
particularly instructive to consider the results of 
the parametric study, dealing with different types of 
end connections, in this context. The term effective 
length has been defined in a number of different ways 
(see for example reference 36). The approach adopted 
herein is believed to be that most frequently implied 
in codes of practice. The effective length (or more 
correctly the effective slenderness ratio) is defined 
as that length (slenderness) which gives the same 
strength on the basic column curve for pinned ends as 
the failure load for the actual column with its actual 
end restraints. The determination of effective length 
from this definition is shown by the construction on 
Figure 7.1 in which a horizontal line is drawn from 
the restrained column curve until it meets the basic 
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curve. The effective length factor k is then obtained 
as the ratio of the pinned slende rness to the restrained 
column slenderness. It can clearly be seen from 
Figure 7.1 th at, for a given end restraint condition, 
the effective length factor k need not necessarily be 
constant over the whole range of slendernesses. 
Values of the effective length factor k obtained 
in this manner using the major axis befiding column 
results with the four basic connection types of 
Figure 7.1 are given in Table 7.1. The most notice- 
able feature of these results is their consistency. 
In each connection case the effective length factor 
values vary ver y little over the range of slendernesses 
considered. The maximum deviation from the average k 
values occur at the extremes of high and low slender- 
nesses. The consistency of these results is rather 
surprising since, as has been shown in Chapter 3, 
connection stiffness decreases with increasing end 
rotation. This would suggest that slender columns 
with larger deflections prior to failure might be 
expected to receive less restraint assistance. 
However, this effect is counteracted by the reduced 
significance of column material yield, which reduces 
the column stiffness in the lower slenderness ranges. 
This then allows the potentially-greater effects of 
end restraint to be more fully utilised for the higher 
slenderness ranges. 
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An important feature of the results of Table 7.1 
is that the effective length factors are significantly 
smaller than those generally accepted for design. The 
average effective length factors for the web cleated, 
flange cleated and T-stub connections, over the whole 
slenderness range, are 0.73,0.59 and 0.52, respectively. 
These are much lower than the design values specified 
in codes of practice (1), which ar, e 1.0 for the 
flexible web cleated connection and 0.7 for the more 
rigid flange cleated and T-stub connections. These 
results suggest the possibility of improved economy 
in column design by the use of lower effective length 
factors to account for the end restraint actually 
provided by the real end connections. However, it 
must be remembered that these results are based on 
the assumption that the semi-rigid connections are 
made to beams of infinite stiffness and that the 
column model is restricted to the no-sway situation. 
Therefore the c alculated effective length factor 
will be a lower bound of the actual factors. 
7.3 Column Stresses 
The role of semi-rigid end restraint in reducing 
column deflections has already been discussed in 
Section 7.1. As a consequence of this the distribution 
of column stresses, and hence the spread of yield 
leading up to collapse, is also affected. The presence 
of initial residual stresses causes the first yield to. 
occur early in the loading range, due to the high 
compressive residual stresses in the flange tips. 
To study the influence of end restraint on the 
distribution of internal stresses and the point of 
first yield, it is better to consider the initially 
stress free column case. 
In the case of the column with ideally pinned 
connections, yield occurs first at the column's mid- 
height for all values of slenderness. Failure follows 
almost immediately in the. case of slender columns or 
after a limited amount of yielding for the more 
stocky columns. Although the end restraint stiffness 
of the flexible web cleated connections was insuffi- 
cient to alter this pattern, their presence did reduce 
the stresses quite significantly as compared with the 
equivalent pin-ended case. The more rigid flange 
cleated and T-stub connections, however, caused first 
yield to occur more or less simultaneously at the 
mid-height and at the column ends in the lower 
slenderness ranges, while first yield was observed 
at the ends in the medium and higher slenderness 
ranges. These alterati. ons in the internal stress 
distributions with increasing restraint stiffness 
leads to the higher load carrying capacities. 
7.4 Comparative Study of Design Procedures 
The method of choosing ýhe'effective length for 
a restrained column is very important in the design 
process. Several different methods oflestimating the 
effective length factor k are currently available to 
designers. The experimental results presented by 
Bergquist (45), together with the calculated results 
presented in Section 5.4, have been used as the basis 
for assessing the accuracy of some of these methods. 
The American WlOx29 section of slenderness 189.7 
with web cleated connections, as used in Section 5.4, 
is assumed in the following discussion. 
Comparison of both effective length fac-tors 
and non-dimensional peak loads, as determined by the 
various methods, are given in Table 7.2. All peak 
loads have been calculated using the SSRC column 
strength curve 121 (33) using the effective length 
factors determined by each method, with the exception 
of Bergquist's experimental peak load which is quoted 
directly. The design calculations producing the 
values of Table 7.2 are given in Appendix B. Existing 
American (2), British (1) and draft British (4) codes 
would require this column, with its flexible end 
restraint, to be designed as pin-ended with a 
maximum load capacity of 0.156 Py which underestimates 
the actual load capacity by 37 per cent. This clearly 
indicates the possible improv. ed economy of design 
that could be achieved, even if onýy the end restraint 
due to flexible connections were incorporated. One 
possibility might be to use reduced effective length 
factors. 
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Table 7.2 includes three methods modifying the 
normal SSRC alighment chart method, by the inclusion 
of a connection flexibility factor Z when the relative 
column stiffnesses are determined. These flexibility 
factors use the linear moment-rotation models which 
overestimate connection stiffness and become increasingly 
inaccurate as column end rotations increase. For this 
reason, these modified methods overestimate the peak 
load capacity by between, s. even and twenty-three per 
cent. This contrasts with the load calculated by the 
analytical program, with accurate allowance for the 
variable end restraint, which differs from the experi- 
mental value by less than 2.5 per cent. This calculated 
peak load is found using an effective length factor, 
calculated using the method described in Section 7.2, 
in conjunction with the SSRC nomograph. 
CHAPTER 8 
Conclusions 
8.1 Summary 
A review has been made of methods of incorporat- 
ing semi-rigid end restraint into conventional methods 
of indeterminate frame analysis. This includes the 
treatment of frame stability and effective lengths. 
Reference is made to the important investigations into 
this Subject. 
An extensive review of the available connection 
moment-rotation data has been compil"ed. These moment- 
rotation data are available for several types of 
connection. However, the majority of these data are 
for outdated construction techniques. They also 
relate to column major axis bending, despite the fact 
that in practice column minor axis buckling is. normally 
more critical. 
The moment-rotation relationships were originally 
modelled by linear or bilinear functions although, more 
recently, curve fitting techniques have been used. End 
restraint models of experimental data using polynomial 
curve fits have been shown to be unsatisfact6ry. A 
more satisfactory method of representing connection 
behaviour using cubic B-spline curve fitting techniques 
has been proposed. 
An analytical procedure has been developed to 
investigate the influence of "realistic" semi-rigid 
end restraint on the streng th and behaviour of "real" 
steel columns. The analysis of the load-deflection 
behaviour, up to the maximum load level, is achieved 
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by means of an incremental finite element program. 
The effects of initial out-of-straightness, spread of 
material yield, initial residual stresses and eccen- 
tricity of loading are all included in the analysis. 
The influence of the end restraint is accounted for 
by modifying the appropriate terms in the overall 
stiffness matrix. 
The validity of the developed program is veri- 
fied by means of comparison with the experimental 
data reported by Bergquist (45). Agreement between 
the experimental and calculated results is shown to be 
acceptable, with the calculated maximum load over- 
estimating the experimental failure load by less than 
ten per cent. It is recognised that this verification 
is based on a limited comparison, but no other data is 
available which reports both the column behaviour and 
the moment-rotation characteristics of the attached 
connections. 
8.2 Observations of the Parametric Study 
The following conclusions, based on the results 
of the parametric study, illustrate the important fac- 
tors influencing the behaviour of columns with semi-rigid 
end restraint. 
1) An increase in connection stiffness produces a 
corresponding reduction in column deflections at any 
given load level. 
2) Increased connection stiffness considerably 
increases the column's maximum load capacity above 
the value that it would normally be designed to carry, 
except in those cases where the column is so stocky 
that even when pin-ended it can attain its full squash 
load. 
3) The influence of the end restraint becomes more 
significant for slendernesses greater than 80. 
4) The stiffness of the end restraint is dependent 
on the type of connection being used. Web cleated 
connections generally produce relatively flexible 
restraint, while the restraint provided by the T-stub 
connection is much greater. The more rigid connection 
types have a more significant effect on the column 
strength. 
5) The connection stiffness also increases with an 
increase in the component dimensions of the connection. 
Moreover, the influence of connection size becomes more 
significant as the general connection stiffness 
increases. 
6). The effects of different types of column section, 
whether universal columns or universal beams, is not 
an important factor. However, this seems likely to be 
a much more important effect if three-dimensional 
behaviour were being considered. 
7) In the case of bending about the minor axis of 
the column, the end restraint conditions are relatively 
stiff er than for major axis bending when the same 
connection characteristic is used. Both rigid and 
flexible connections have a similar effect on minor 
axis behaviour due to minor axis member flexural 
stiffness being so much less than the major axis 
flexural stiffness. This means that relatively rigid 
connection characteristics exist for all types of 
connection. 
. 8) Column sections become relatively stronger as 
section size reduces, when the same connection 
characteristic is used, due to the relative increase 
in connection stiffness. 
9) The influence of the initial residual stress 
pattern is more significant with the more flexible 
connection types. The greatest effect of the 
resi dual stress type occurs in the slenderness range 
from 60 to 160. Outside this range there is little 
effect on column strength. However, at low slender- 
nesses the residual stress levels do affect the load 
at which first yield within the section occurs. 
10) Increased initial deflections increase general 
column deflections at all levels of loading. This 
significantly reduces column strength due to the 
reduced geometrical stiffness'caused by axial loads 
ac-ting through increased lateral deflections. 
11) The effect of increasing the eccentricity of 
applied axial loads decreases the load carrying 
capacity of the column over the full slenderness 
range. Increased eccentricity also significantly 
reduces the column stability, with instability 
failures occurring at lower slenderness values as 
the eccentricity increases. 
12) The presence of increased end restraint 
significantly reduces the influence of these geomet- 
rical imperfections. 
13) The distribution of internal column stresses 
changes significantly as end restraint stiffness 
increases. For the more rigid connection types this 
may change the position of first yield from mid-height 
to the ends of the column. 
14) The effective length factors of columns are 
reduced as the end restraint stiffness increases. For 
each connection type the effective length factors vary 
very little over the range of slendernesses considered. 
This reduction in effective length factors 
suggests the possibility of improved economy in 
column design if semi7-rigid end restraint is properly 
taken into account. 
8.3 Recommendations for Future Work 
The present investigation is restricted to the 
study of the in-plane behaviour of isolated members with 
semi-rigid connections attached to rigid beams in a 
no-sway situation. This work requires development in 
the following areas: - 
1) The inclusion of realistic beam stiffnesses is 
required in the analysis to account for the restraining 
effect of members attached at the column ends. The 
present analysis makes the simplifying assumption that 
the connections are made with rigid supports (infinitely 
stiff beams). A limited frame approach would enable 
beam stiffnesses to be included, which would give a 
better representation of the actual end restraint 
conditions of the column. 
2) A study of the complete load-deflection behaviour 
of a column is necessary, the present analysis will 
only find the load-deflection relationship up to the 
maximum load value. Little information is available 
on this post-maximum load-deflection bahaviour. For 
isolated members this is only of academic interest, 
however, in the context of frame behaviour the complete 
load-deflection behaviour is. important. After a 
member in a frame has reached its maximum load it 
will start to unload, the amount by which it unloads 
is important because this load will be redistributed 
to other members within the frame. 
3) So far members have only been studied in 
isolation whereas the normal situation is within a 
structural frame system, from which members obtain 
their semi-rigid end restraint. The extension of the 
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analysis to semi-rigidly connected frames should 
be investigated. This would require the analysis 
to deal with both sway and ryo-sway situations. 
4) This then leads to the field of frame stability 
as a possible area of investigation. 
5) All work in the present investigation has been 
restricted to the in-plane behaviour of members. 
Studies of the influences of semi-rigid end con nections 
on flexural-torsional'bending and biaxial bending are 
required as little work has been done in these fields. 
Before these effects can be properly studied 
the following experimental data is required: - 
1) More up-to-date data relating to the connection 
techniques that are presently used in practice. 
2) Data relalfing to other connection degrees of 
freedom; such as in-plane axial and shear deformations, 
and the out-of-plane lateral shear, twisting and 
lateral bending deformations. The extension of the 
analysis to include the effects of semi-rigid end 
restraint in these other degrees of freedom would only 
involve modification to the overall stiffness matrix, 
in a similar manner to that for semi-rigid flexural 
rigidity It is the lack of experimental data that 
prevents these modifications from being implemented. 
APPENDIX A 
APPENDIX A 
EXPERIMENTAL DATA DETAILS 
This appendix contains details of the connections 
used in each test by the various experimenters listed 
in Tables 3.1,3.2 and 3.3; the following types of 
connections are included: 
1) Single Web Cleat 
2) Double Web Cleats 
3) Header Plate 
4) Top and Seat Flange Cleats 
5) End Plate without Column Stiffeners 
6) End Plate with Column Stiffeners 
7) Welded Top Plate and Seat Angle 
8) T-Stubs 
9) Combined Top and Seat Angle with Web Cleats 
10) Combined T-Stubs with Web Cleats 
N. B. All member sizes, in the following tables, are 
given in the units in which they were reported. 
Most reported data is in Imperial units, however, 
metric sizes are marked with an asterisk (*). 
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APPENDIX B 
APPENDIX B 
CALCULATION OF EFFECTIVE LENGTH FACTORS 
Basic Data 
ay= 345 N/MM2, E= 200 kN/MM2 
I= 16.3 in 4, I= 10.8 in 
Lc= 262 in IL= 120 in 
i.. Calculated by Program Analysis 
Maximum load capacity = 540.4 kN (0.284 Py 
From Figure B. 1 at a load level of 540.4 kN 
X 
PIN = 
142 and X WEB CLEATS = 190 
142 
190 
k=0.747 
N. B. Figure B. 1 shows column curves for a minor axis 
bending WlOx29 section with both pinned and web 
cleated end condition.. These have been calculated 
in the same way as column &urves produced in the 
parametric study. 
Ul 
0 
CD 
0 
U 
ro 
0) 
CD r-I 
CD U 
CN 
-Q 
(a 
ro 
4-J 
0 
En 
C: 
r-A 
0 
m CA 
x 
0 CD r-i Co 
W 
0 
44 
(n 
c 
T- 
CC) 
C) 
xow 
(D 
ci CD 
Cq Q 
C 
r-I 0 
U 
kL 
7T r 
0.747 x 1819.7/-30450 
Tr 
200 0 
X'=1.873 
From SSRC Column Curve No. 2 (33) 
aU= 87.41 N/mm 2 Area 5510 mm2 
. *. Pu = 481.63 kN (0.253 Py) 
2. SSRC Alignment Chart - Rigid Jointed 
(I 
c 
/L 
C) 
(1 
9 
/L 
9). 
G (16.3/262) = 0.346 2(10.8/120) 
From the SSRC sway prevented alignment chart 
k 0.645 
Substitute into equation B. 1 
X' = . 
1.618 
B. 1 
B. 2 
.*. 0.315 P 
3. SSRC Alignment Chart - Pin Jointed 
When pin jointed G= co 
.*. 1.00 
Substitute into equation B. 1 
X' = 2.508 
P 0.156 P 
Uv 
4. BS 449: 1969 
Column ends are restrained in position but not 
in direction 
. '. Column to be designed as pin-jointed 
.*. 1.00 
As above: XI = 2.508 
= o. 156 P y 
5. De Falco and Marino (34) Modification 
From table in reference 34 for a web cleated 
connection with three rows of fasteners the connection 
flexibility factor is: 
3.1 x 10- 5 rad/kip-in 
For use in Driscoll's modification chart 
I 
Zx 105 
L 
C 10-8 x 3. .1 
p 10 
= 3.348 
From Driscoll's chart for a braced frame 
C 0.87 
e 
Modified 'G' factor is then 
E(i 
c 
/L 
C) 
Ce E (1 
9 
/L 
9 
G 
0.346 
0.870 
G=0.398 
From SSRC alignment chart nomograph 
k=0.660 
Substitute into equation B. 1. 
P=1.655 
B. 3 
BA 
Pu = 0.305 Py 
Bergquist's Moment-Rotation Data 
Flexibility factor of web cleated connection as 
measured experimentally by Bergquist (45). 
Z 0.94 x 10- 4. rad/kip-in 
Substitute in equation B. 3 
10.8 
x 9.4 p 10 
C 10.152 
p 
Using Driscoll's braced frame chart 
C 0.67 
e 
Then in equation BA 
G 0.346 0.670 
0.516 
From SSRC alignment chart nomograph 
k=0.690 
Substitute in equation B. 1 
X' = 1.731 
0.286 P 
7. Usinq Peterson and Cermak Flexibilitv Factor 
In the discussion of Lother's (23) paper on 
elastic restraint equations Peterson and Cermak (84) 
proposed a method for calculating the flexibility 
factors of web cleated connections. For the 
connection being considered their method gives: 
1.7 X 10-4 rad/kip-in 
Substitute in equation B. 3 
C 10'8 x 17.0 p 10 
= 18.36 p 
Using Driscoll's braced frame chart 
C 0.52 
e 
Which is then used in equation BA 
G 0.346 0.520 
G=0.665 
From the SSRC alignment chart nomograph 
k=0.725 
Substitute in equation B. 1 
V=1.818 
P 0.265-P 
uy 
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